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Abstract: A wind turbine is subjected to a regime of varying loads. For example, each rotor revolution causes a
complete gravity stress reversal in the low-speed shaft, and there are varying stresses from the out-of-plane loading
cycle due to fluctuating wind load. Consequently, wind turbine blade design is governed by fatigue rather than
ultimate load considerations. Previous studies have adopted many different beam theories, using different
techniques and codes, to model the National Renewable Energy Laboratory (NREL) 5 MW offshore wind turbine
blade. There are differences, from study to study, in the free vibration results and the dynamic response. The
contribution of this study is to apply the code written by the authors to the different beam theories used with
the aim of comparing the different beam theories presented in the literature and that developed by the authors. This
paper reports the investigation of the effects of deformation parameters on the dynamic characteristics of the
NREL 5 MW offshore wind turbine blades predicted by the different beam theories. The investigation of free
vibrations is a fundamental step in the analysis of structural dynamics, and this study compares different
computational structural methods and investigates their effect on the predicted dynamic response. The modal
characteristics of every model examined have been combined with strip theory to determine the dynamic response
of the blade.

Key words: blade dynamic response; edge-wise vibration; free vibration analysis; flap-wise vibration; wind
turbine vibration

Nomenclature:
L Blade length (m)
D Rotor diameter (m)
E Modulus of elasticity (N/m2)
A Blade cross-sectional area (m2)
I Blade moment of inertia (m4)
K Kinetic energy (J)
U Potential energy (J)
W Work due to external distributed force (J)
w Flap-wise displacement (m)
f External force (N)
t Time (s)
R Hub radius (m)
g Gravitational acceleration (m=s2)
T Axial force due to centrifugal tension (N)
u Flap-wise deflection (m)
v Edge-wise deflection (m)
x Distance relative to the blade span (m)
ρ The blade density (kg=m3)
Ω Angular velocity of the blade (r=min)
ϰ Timoshenko’s shear coefficient
θp Pitch angle (deg)
θT Twist angle (deg)
ϑ Precone angle (deg)
α Angle of attack (deg)
β Total pitch angle (deg)
θ Azimuth position of the blade
ω Natural frequency(rad/s)
Xh Hub X-axis

Yh Hub Y-axis
G Local gyroscopic matrix
m Local mass matrix
k Local stiffness matrix
fN Normal aerodynamic force (N)
fT Tangential aerodynamic force (N)
β Total pitch angle (rad)
a,a 0 The induction velocity factors
L Lift force
D Drag force
ρa Airflow density
Cl The lift coefficient
Cd Drag coefficient
Ua Airflow velocity (m/s)
Fext Column matrix of the excitation forces

and/or moments
c Chord length (m)
OHAWT Offshore horizontal axis wind turbine
NREL National Renewable Energy Laboratory
BEM Blade element momentum
TB Timoshenko beam

I. INTRODUCTION
The global statistics of investment rate in wind energy
indicate the rapidly increasing importance of this energy
source worldwide [1]. However, wind turbines as a reliable
source of green energy require further improvement to
ensure the reliability of offshore wind turbines. Professor
Heronemus first proposed the application of offshore wind
turbines as a source of wind energy [2]. However, even
countries such as the UK with its long shoreline and many
offshore wind turbines produce only 13% of total UK
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electricity generated today [3]; thus, questions remain as to
whether offshore sources can provide a sufficiently large
growth in wind energy across the world in time to meet
demand.

The blade is considered one of the most critical com-
ponents in a wind turbine, being a major contributor to
downtime and accounting for over 41% of total failures [4].
The challenge to produce the required energy is further
complicated as the size of the blade becomes larger, and
wind turbines are positioned in more challenging terrain
[5,6]. Calculating the dynamic response of the wind turbine
blade requires investigation of the free vibration to deter-
mine the modal characteristics [7]. The structural analysis
of composite blades is frequently performed as a three-
dimensional (3D) finite element model using solid or shell
elements in commercial software such as ANSYS and
ABAQUS [8,9], while [10,11] used a multibody dynamic
model in structural analysis of the blade.

The blade may be discretized into several rigid or
flexible bodies with revolutes joint connecting them. The
FAST code [12] developed by the National Renewable
Energy Laboratory (NREL) to simulate the dynamic
response of a horizontal axis wind turbine (HAWT) uses
the lumped mass technique to model the structure of the
blade [12]. The Bonus Horizontal Axis Wind Turbine Code
that Siemens Wind Power developed uses finite elements to
model the wind turbine blade as Timoshenko beam ele-
ments [13].

Free vibration analysis is a fundamental step in the
analysis of structural dynamics. Different codes [7] have
adopted different techniques to analyze the free vibration of
the blade according to the structural details that need to be
addressed. The composite wind turbine blade can be mod-
eled by a beam. Timoshenko beam theory is used in [14] to
analyze the blade structure. The work in [15] uses Rayleigh
beam theory and incorporates the influence of the pitch and
precone angles on the dynamic characteristics of the HAWT
blade in the flap-wise direction to carry out free vibration
analysis to determine the blade’s modal characteristics.

The study in [16] adopted the geometrically exact beam
theory to find the natural frequencies and corresponding
mode shapes in the flap-wise and edge-wise directions to
find the deflection response in both directions. The influ-
ence of different blade parameters on the flap-wise vibra-
tions was studied in [17], where the effects of such
parameters on dynamic characteristics of NREL 5 MW
wind turbine blades were investigated using different beam
theories. In [17], the mode shape comparisons were carried
out using modal scale factor and modal assurance criteria to
study the correlation between the different theories used.
The study found that Bernoulli’s algorithms produce less
accurate results than Rayleigh and Timoshenko beam the-
ories. The Euler–Bernoulli beam theory is considered in
[18] for structural modeling. The modal properties of the
blade were obtained in [18] using the ANSYS commercial
finite element software, but it did not consider gyroscopic
effects due to the low nominal rotational speed of the blade.
In the same study, the aerodynamic loading was calculated
using the 3D aerodynamics of the rotating blade based on
the blade momentum theory. The work in [19] investigated
the influence of centrifugal stiffening on the free vibrations
and dynamic response of offshore wind turbine blades. The
study adopted the Rayleigh beam theory to analyze the
blade structure. A significant advance was made in [15] by
scrutinizing the effects of harmonic excitation due to the

gravitational force, precone, and pitch angles, based on
Rayleigh beam theory. However, the study did not apply the
different methods to a blade with the same geometry.
Furthermore, despite mentioning the significance of pitch
and precone angles with increasing rotational speed, the
results did not quantify their effect on the dynamic response
of the blade. A refined mesh is required for 3D Finite
Element Method (FEM) because the complicated charac-
teristics of composite blades need increased computational
time [8,9]. The continuity of adjacent sections is poor in the
multibody dynamic model, despite having a higher compu-
tation efficiency [10,11].

Several techniques are used to calculate the aerody-
namic loading based on the above combinations of structural
analysis of wind turbine blades. Blade element momentum
(BEM) theory was used in [16], and the same BEM theory
was employed to calculate the aerodynamic forces [18–21].
The computational fluid dynamics (CFD) technique was
adopted in [10,22,23]. Most researchers use approaches
based on the blade element momentum theory by integrating
the two-dimensional aerofoil aerodynamic loading along the
blade’s different sections. In this study, due to the short
computational time and satisfactory results, BEM is chosen
to calculate the normal and tangential forces.

It is not straightforward to include all structural details
of composite blades in vibration analysis. Different beam
theories are incorporated in [4,14,15,15,16,24]. Each theory
has its structural details and considers different stress
deformations. The work in [17] found that Bernoulli’s
algorithms produce less accurate free vibration results
than Rayleigh and Timoshenko beam theories. This study
is based on structural modeling that adopted [17] for free
vibration analysis and used the results to find the difference
in dynamic deflection between the adopted theories. This
study employs various beam theories to analyze the struc-
tural dynamics of the blade. The aim is to compare different
beam theories on free vibration and find the effect of the
predicted different free vibration data on the dynamic
response. A finite element code has been written using
the specification of the 5 MW NREL blade for structural
modeling and simulation studies. The contribution of this
study is to apply the same code using the same numerical
techniques to all relevant beam theories. The aim is to make
a comparison between the predictions made in this study
and those found in the literature for the different beam
theories. The study incorporates the effects of different
deformation parameters and pursues their influences on
the dynamic characteristics by using different beam theo-
ries. Then, the dynamic response is calculated as the sum of
the products of forces based on each theory and the dis-
crepancies in net energy of each theory observed. The
modal characteristics of all the models examined are com-
bined with the strip theory and used to determine the
dynamic response of the blade.

II. MODELING
The specification of a 5 MW NREL offshore blade, as
shown in Fig. 1, is used for modeling and validation [12].
This study investigates the different stress parameters on the
dynamic response and builds an accurate dynamic predic-
tion model of offshore wind turbine blades. In this section,
the computational structural model will be presented. Then
the model parameters will be extracted. The aerodynamic
loading and dynamic response models will be developed to
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portray the comprehensive model of the offshore HAWT
blade under the flap-wise and edge-wise vibrations. The
blade is dominantly deformed due to the different and
complex aerodynamic loads. Thus, the study considers
the different stress deformations in order to extract the
model parameters, such as the stiffness, frequencies, mode
shapes, and forced response. All these parameters will be
affected by the stress deformation state of the blade.

A. STRUCTURAL MODELING

In this study, a nonlinear beam model based on different
beam theories is employed to determine the effect of includ-
ing different stress deformations on the model parameters.
The blade is considered to rotate at an angular velocity Ω.
The blade undergoes flexural bending vibration in the flap-
wise and edge-wise directions, and the governing equation
can be obtained by using the variational principle. For a
HAWT blade, the Lagrangian function is given by [17]:

L = K − U þW (1)

The total kinetic energy of the HAWT blade due to the
flap-wise vibration is

K = K1 þ K2 þ K3 (2)

The first term is due to the flexural bending and can be
expressed as [17]:

K1 =
1
2

ð
L

0

ρAðxÞ
�
∂wðx,tÞ

∂t

�
2
dx (3)

The second term is for the kinetic energy resulting from
the rotary inertia of the blade, and it can be expressed as:

K2 =
1
2

ð
L

0

�
ρI�zzðxÞ

�
∂2wðx,tÞ
∂x∂t

�
2

þ ρI�zzðxÞΩ2

�
∂wðx,tÞ
∂x

�
2
�
dx (4)

where I� = IðxÞcos2ðϑÞ, and ϑ is the precone angle.
The last term in the expression for the kinetic energy is

the result of adding the effects of precone and pitch angles

and comes from the fact that the axis of rotation is not
parallel with the flap-wise direction of the blade [15]:

K3 =
1
2

ð
L

0

�
−
1
8
ρðxÞAðxÞΩ2ð2 cosð2ϑÞ

þ cosð2ðϑ − θpÞÞ þ 2 cosð2θpÞ

þ cosð2ðϑþ θpÞÞ − 6Þwðx,tÞ2
�
dx (5)

where ρðxÞ represents the blade density, AðxÞ represents
blade cross-sectional area in the flap-wise direction at
distance x relative to the blade span, IðxÞ represents blade
moment of inertia, L is the blade length, Ω is the angular
velocity of the blade, ϑ is the precone angle, θp is the pitch
angle, and wðx,tÞ is the flap-wise bending displacement.
The potential energy of the HAWT blade is

U = U1 þ U2 (6)

The strain energy of the blade due to flexural bending
is [17]

U1 =
1
2

ð
L

0

EI�ðxÞ
�
∂2w
∂x2

�
2

dx (7)

where EI� = EIðxÞcos2ðϑÞ.
The potential energy due to the centrifugal and gravi-

tational forces is [17,25]

U2 =
1
2

ð
l

0

Tðx,tÞ
�
∂w
∂x

�
2
dx (8)

and Tðx,tÞ = TcðxÞ þ Tgðx,tÞ

Tðx,tÞ = 1
2

ð
l

x
½ðρðxÞAðxÞΩ2ðRþ x cosðϑÞÞ

− ρðxÞAðxÞg cosðθÞ cosðϑÞ�dx (9)

where Tðx,tÞ is the axial tension due to the centrifugal force
TcðxÞ and the gravitational force component Tgðx,tÞ at a
distance x from the center of rotation, as shown in Fig. 2.

Hamilton’s principle can be stated as:

δ

ð
t2

t1
ðK − U þWÞdt = 0 (10)

Since δw = 0 at t = t1 and t = t2, it follows that the
governing equation of motion for the Rayleigh theory in the
flap-wise (out-of-plane) direction includes the control angle
effect and can be obtained as:

ρAðxÞ ∂
2w

∂t2
þ ∂2

∂x2

�
EI�zzðxÞ

∂2w
∂x2

�
−

∂
∂x

�
Tðx,tÞ ∂w

∂x

�

−
∂
∂x

�
ρI�zzðxÞ

∂3w
∂x∂t2

�
þ Ω2 ∂

∂x

�
ρI�zzðxÞ

∂w
∂x

�
− kðxÞw

= f ðx,tÞ (11)

In the same manner, the forced edge-wise (in-plane)
direction of the nonuniform beam is obtained as:

ρAðxÞ ∂
2v

∂t2
þ ∂2

∂x2

�
EI�yyðxÞ

∂2v
∂x2

�
−

∂
∂x

�
Tðx,tÞ ∂v

∂x

�

−
∂
∂x

�
ρI�yyðxÞ

∂3v
∂x∂t2

�
þ Ω2 ∂

∂x

�
ρI�yyðxÞ

∂v
∂x

�
− kðxÞv

= f ðx,tÞ (12)

Zh

Pre-cone angle ( )

Hub 
radius

Hub frame

Fitting 
frame

Xh

Fig. 1. Blade root coordinate frames of 5 MW wind turbine
blade.
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Applying numerical methods, the blade model is dis-
cretized into a number of elements. According to each beam
theory, the governing equation of each beam element is
linearized as [25]:

½M�fq̈g þ ½C�fq̇g þ ½K�fqg = fFext − Fg (13)

where M, C, and K are, respectively, the local matrices for
the mass, damping, and stiffness of the blade element. q̈, q̇,
and q are the generalized acceleration, velocity, and dis-
placement, respectively, while Fext is the sum of local
applied forces, including aerodynamic and gravitational
forces and F is the sum of the relevant components of
the elemental forces.

B. APPLICABILITY OF EULER–BERNOULLI,
RAYLEIGH, AND TIMOSHENKO BEAM
THEORIES TO FLAP-WISE AND EDGE-WISE
DEFORMATION

If only the first two terms of Eq. (11) are considered, the
Euler–Bernoulli beam’s governing equation for the forced

flap-wise vibration of nonuniform and nonrotating beams in
the flap-wise direction is obtained as:

ρAðxÞ ∂
2wðx,tÞ
∂t2

þ ∂2

∂x2

�
EI�zzðxÞ

∂2wðx,tÞ
∂x2

�
= f ðx,tÞ (14)

The Euler–Bernoulli beam’s governing equation for
the forced edge-wise vibration of nonuniform and nonro-
tating beams in the edge-wise direction is then obtained as:

ρAðxÞ ∂
2υðx,tÞ
∂t2

þ ∂2

∂x2

�
EI�yyðxÞ

∂2υðx,tÞ
∂x2

�
= f ðx,tÞ (15)

If the third term of Eq. (11) is added, the Euler–
Bernoulli rotating beam’s governing equation for the forced
flap-wise vibration of a nonuniform beam is obtained as:

ρAðxÞ ∂
2wðx,tÞ
∂t2

þ ∂2

∂x2

�
EI�zzðxÞ

∂2wðx,tÞ
∂x2

�

−
∂
∂x

�
Tðx,tÞ ∂wðx,tÞ

∂x

�
= f ðx,tÞ (16)

X

Y

Fig. 2. The restoring force due to centrifugal and axial component of gravitational forces.

Fig. 3. The mass per unit length (ρA) distribution spanwise along the NREL 5 MW blade [12].
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and the Euler–Bernoulli rotating beam’s governing equa-
tion for the forced edge-wise vibration of nonuniform beam
is obtained as:

ρAðxÞ ∂
2υðx,tÞ
∂t2

þ ∂2

∂x2

�
EI�yyðxÞ

∂2υðx,tÞ
∂x2

�

−
∂
∂x

�
Tðx,tÞ ∂υðx,tÞ

∂x

�
= f ðx,tÞ (17)

where f ðx,tÞ is the external distributed load along the
beam span.

The governing equation for a rotating Rayleigh beam
in the flap-wise direction can be expressed directly from
Eq. (11) by neglecting the terms containing the effect of
precone and pitch angles to be as:

ρAðxÞ ∂
2w

∂t2
þ ∂2

∂x2

�
EI�zzðxÞ

∂2w
∂x2

�
−

∂
∂x

�
Tðx,tÞ ∂w

∂x

�

−
∂
∂x

�
ρI�zzðxÞ

∂3w
∂x∂t2

�
þ Ω2 ∂

∂x

�
ρI�zzðxÞ

∂w
∂x

�
= f ðx,tÞ

(18)
For the edge-wise vibration, we have

ρAðxÞ ∂
2w

∂t2
þ ∂2

∂x2

�
EI�yyðxÞ

∂2w
∂x2

�
−

∂
∂x

�
Tðx,tÞ ∂w

∂x

�

−
∂
∂x

�
ρI�yyðxÞ

∂3w
∂x∂t2

�
þ Ω2 ∂

∂x

�
ρI�yyðxÞ

∂w
∂x

�
= f ðx,tÞ

(19)

Flap-wise

Edge-wise

61.5m

Fig. 5. Deformation directions of 5 MW NREL blade.

Element

Zh

Xh

Hub frame

Fig. 6. Aerodynamic normal force at a blade element.

Fig. 4. The flap-wise and edge-wise flexural rigidity (EI) distribution along the NREL 5 MW blade span [12].
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Timoshenko beam theory, for the forced flap-wise
vibration of a nonuniform beam, is obtained as [26]:

∂2

∂x2

�
EI�zzðxÞ

∂2wðx,tÞ
∂x2

�
þ ρAðxÞ ∂

2wðx,tÞ
∂t2

−
∂
∂x

�
ρI�zzðxÞ

�
1þ E

ϰG

�
∂3w
∂x∂t2

�

þ ρ2I�zz
ϰG

∂4w
∂t4

þ EI�zz
ϰAG

∂2f
∂x2

−
ρI�zz
ϰAG

∂2f
∂t2

= f ðx,tÞ (20)

In the same manner, the forced edge-wise vibration of a
nonuniform Timoshenko beam is obtained as:

∂2

∂x2

�
EI�yyðxÞ

∂2vðx,tÞ
∂x2

�
þ ρAðxÞ ∂

2vðx,tÞ
∂t2

−
∂
∂x

�
ρI�yyðxÞ

�
1þ E

ϰG

�
∂3v
∂x∂t2

�

þ ρ2I�yy
ϰG

∂4v
∂t4

þ EI�yy
ϰAG

∂2f
∂x2

−
ρI�yy
ϰAG

∂2f
∂t2

= f ðx,tÞ (21)

where G denotes the modulus of rigidity of the material and
ϰ is a consnt, known as Timoshenko’s shear coefficient,
which depends on the shape of the cross-section. Plots for
mass per unit length and stiffness along the blade span,
according to the data in [12], are presen[ted] in Figs. 3 and
4, respectively, to help clarify the complicated distribution
of blade mass and stiffness along the blade span. In this
study, the correction shear factor starts at the value of 0.9 as
the first section has a circular cross-section and decreases
with distance along the blade according to the chord and
thickness of different blade aerofoils [12].

C. AERODYNAMIC MODULE

Blade element momentum theory is used to calculate the
aerodynamic loads. This theory is based on integrating the
2D aerofoil aerodynamic loading along the blade span. In
this theory, the force of a blade element is solely responsible
for the change of momentum of the air that passes through
the annulus swept by the element. The deformation in the
flap-wise and edge-wise directions is shown in Fig. 5. The
flow through each blade section at radius r is assumed to be
a two-dimensional flow, as shown in Fig. 6. According to
[25], the components of aerodynamic forces on a blade
element are

Fig. 7. Blade element velocities.

Edge-wise 

Gravity load

X

Y

Fig. 8. Gravitational load components acting on the blade in the
edge-wise direction.

61.5

Cy.1
Cy.2

DU40 DU35
DU30

DU25

DU21

NACA64

Fig. 9. Schematic of the NREL blade. [12].

Table I. MW NREL blade sections and aerofoils [12]

Section
Position

(m)
Chord
(m)

Twist
(°) Aerofoil

1 2.87 3.542 13.308 Cylinder 1

2 5.60 3.854 13.308 Cylinder 1

3 8.33 4.167 13.308 Cylinder 2

4 11.75 4.557 13.308 DU40_A17

5 15.85 4.652 11.480 DU35_A17

6 19.95 4.458 10.162 DU35_A17

7 24.05 4.249 9.011 DU30_A17

8 28.15 4.007 7.795 DU25_A17

9 32.25 3.748 6.544 DU21_A17

10 36.35 3.502 5.361 DU21_A17

11 40.45 3.256 4.188 NACA_64_618

12 44.55 3.01 3.125 NACA_64_618

13 48.65 2.764 2.319 NACA_64_618

14 52.75 2.518 1.526 NACA_64_618

15 56.17 2.313 0.863 NACA_64_618

16 58.90 2.086 0.370 NACA_64_618

17 61.63 1.419 0.106 NACA_64_618
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f aero
��!

= iYZ
�!�

fT
fN

�

= iYZ
�!� ðℒ sinðαþ βÞ −D cosðαþ βÞÞ cos ϑ

ðℒ cosðαþ βÞ þD sinðαþ βÞÞ cos ϑ
�

(22)

with

L = o.5ρacClUrel
2 (23)

D = o.5ρacCdUrel
2 (24)

where fT ,fN are the aerodynamic forces in the directions of
lYZ
�!

, fT in the tangential to the circle swept by the rotor, and
fN is normal to the plane of rotation along the blade’s
different sections [27], L,D are the lift and drag for[ces]for
unit blade length, Cl,Cd are the lift and drag coefficients,

ρa,c are air density and chord length, and α is the angle of
attack. The total pitch angle β is the sum of the element twist
angle and the blade pitch angle at the blade section under
consideration.

Urel =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Uað1 − aÞ cos ϑ�2 þ ½rΩð1þ a 0Þ cos ϑ�2

q
(25)

α = arctan

�
Uað1 − aÞ
rΩð1þ a 0Þ

�
− ðβÞ (26)

where Ua is the airflow velocity, r,Ω are the rotation radius
of the blade element and angular velocity, ϑ,β are, respec-
tively, the angle of precone and the total pitch angle of the
blade element, a,a

0
are the induction velocity factors and

solved by iteration, as shown in Fig. 7.

Fig. 10. Aerodynamic coefficient of the aerofoils in the 5 MW NREL wind turbine blade [12].
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The axial and angular induction factors are as follows [25]:

a

1 − a
=

σr
4sinφ

½ðCl cos φþ Cd sin φÞ

−
σr

4sin2 φ
ðCl sin φ − Cd cos φÞ2� (27)

a

1þ a 0 =
σrðCl sin φ − Cd cos φÞ

4 sin φ cos φ
(28)

where chord solidity, σr, is defined as the blade chord at a
certain blade element divided by the circumferential length at
that position σr = B c

2πrcosϑ. The angle φ is the angle between the
plane of rotation and the relative velocity.

The dynamic response of the HAWT blade to the
fluctuating aerodynamic loads is investigated by means
of modal analysis [25], in which the excitations of the
various different natural modes of vibration are computed
separately, and the results are superposed as:

wðXr ,tÞ =
Xn
j=1

δjðtÞujðxÞ (29)

vðXr,tÞ =
Xn
j=1

qjðtÞUjðxÞ (30)

where ujðxÞ andUjðxÞ are the jth mode shape in the flap-wise
and edge-wise directions, respectively, arbitrarily assumed

Is k = n? 

Calculate the new axial and angular 
induction values 

&

Look for the aerofoil coefficients

Calculate the normal and 
tangential force coefficient

For I =1: N

Calculate the angle of relative wind, the 
value of solidity, the tip loss factor and the 

angle of attack

Blade aerodynamic properties

Assume the initial values of axial and angular 
induction factors 

N= number of blade section

Free vibration analysis of wind 

Modal analysis

Extract the modal parameters

Mode superposition 

Calculate dynamic response 
of wind turbine blade

Stop

Calculate induced velocity Calculate normal and tangent force

Calculate drag, 
thrust, and 
torque at each 
blade section

For k=1: n, and n is the number 
of adopted theories

Yes

No

Yes

Is I = N?
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Calculate total torque, 
thrust and power

Yes

No

Fig. 11. Forced vibration computational procedure.
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to have a value of unity at the blade tip, and δjðtÞ and qjðtÞ
are the variation of displacement in both directions.

D. GRAVITATIONAL LOAD

The purpose of this section is to propose an expression for
the edge-wise dynamic effect of gravitational force on the
HAWT blade. Variation in the azimuth angle θ means that
the gravitational force introduces an oscillating stiffness
that changes with azimuth angle, with a consequent large
dynamic response in the edge-wise direction. The blade is
assumed to start its motion from the vertical position, where
the azimuth angle is equal to 0. Maximum effect of gravi-
tational load occurs at the horizontal position of blade at
azimuth angle 90° which is assumed to be the position of
maximum dynamic deflection. Figure 8 shows the direction
of the gravitational load, and direction and its component
acting on the blade in the edge-wise direction.

III. RESULTS AND DISCUSSION
As with any dynamic system, the response of a forced wind
turbine blade depends primarily upon the blade’s dynamic
characteristics such as natural frequencies, its damping,
mode shapes, and the characteristics of the excitation force
to which it is subjected [25]. The 5 MW blade used in this
study is a three-bladed HAWT, developed by NREL as
shown in Fig. 9.

The rated output power of the blade is 5 MW, and the
rotational speed = 12.1 rpm in a wind speed = 11.4 m/s. The
aerodynamic properties such as chord length, twist angle,
the position of each section along the blade span, and
aerofoil type are listed in Table I [12].

The specifications of the 5 MW NREL are introduced
as input parameters. Each wind turbine blade is divided
into 17 elements, and each part coincides with a particular
aerofoil shape. Figure 10 shows the aerodynamic

Table II. Natural frequencies for the first 10 modes at angular speed Ω = 0 rpm in the flap-wise direction for Rayleigh
beam, rotating Bernoulli beam, nonrotating Bernoulli beam, and Rayleigh beam with pitch and precone angles effects and
results for NREL 5 MW HAWT blade [15,16,21]

Method

Mode
no.

Rayleigh
with blade
parameters:

present
work

Ray-
leigh
(Hz)

present:
work

B-
Modes
(Hz)

[NREL]

FAST
(Hz)

[NREL]

Jeong
et al.,
(20)
(Hz)

Li
et al.,
[16]
(Hz)

Jokar
et al.,
[15]
(Hz)

Ber-
noulli
present
work

Rot Ber-
noulli:
present
work

Timosh-
enko:
present
work

1 0.680 0.680 0.69 0.68 0.673 0.68 0.727 0.681 0.681 0.678

2 1.985 1.985 2.00 1.94 1.926 1.98 3.060 3.059 1.960

3 4.543 4.543 4.69 4.43 4.427 4.66 3.915 3.914 4.427

4 8.132 8.132 8.168 8.167 7.808

5 12.674 12.674 12.763 12.762 11.980

6 18.031 18.031 18.210 18.209 16.774

7 24.214 24.214 24.529 24.528 22.185

8 31.323 31.323 31.856 31.855 28.199

9 39.565 39.565 40.160 40.159 36.876

10 48.194 48.194 49.974 49.973 40.022

Timo.= Timoshenko, Bern.=Bernoulli.

Table III. Natural frequency comparisons for the different beam theories and results for NREL 5 MW HAWT blade
[15,16,21] in the flap-wise and edge-wise directions of a single blade without an aerodynamic force

No.

Rayleigh
(Hz)

present
B Modes Hz

[NREL]
FAST Hz
[NREL]

[16]
(Hz)

[21]
(Hz)

Rayleigh
+angles

(Hz)
present

Rot Bern.
(Hz)

present

Timo.
(Hz)

present

Bern.
(Hz)

present

1 0.68 F 0.69 F 0.68 F 0.67 F 0.68 F 0.68 F 0.68 F 0.67 F 0.68

−1.459% 0% 1.481% 0% 0% 0% 1.481% 0%

2 1.11 E 1.12 E 1.10 E 1.11 E 1.10 E 1.11 E 1.11 E 1.09 E 1.11 E

−0.896% 0.904% 0% 0.904% 0% 0% 1.818% 0%

3 1.98 F 2.00 F 1.94 F 1.92 F 1.98 F 1.98 F 3.05 F 1.95 F 3.05 F

−1.005% 2.040% 3.076% 0% 0% −42.54% 1.526% −42.54%
4 4.10 E 4.12 E 4.00 E 3.96 E 3.99 E 4.18 E 3.91 F 3.98 E 3.91 F

−0.486% 2.469% 3.473% 2.719% 0% 4.744% 2.970% 4.744%

5 4.54 F 4.69 F 4.43 F 4.43 F 4.66 F 4.54 F 4.20 E 4.42 F 4.21 E

−3.250% 2.452% 2.452% −2.608% 0% 7.780% 2.678% 7.542%

F= Flap, E= Edge, Timo.= Timoshenko, Bern.=Bernoulli.
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coefficients of different aerofoils versus the angle of attack.
The flowchart of the forced vibration computational proce-
dure is shown in Fig. 11. At each blade section, the angle of
relative speed and the angle of attack are calculated. Free
vibration analysis is formulated for each adopted theory to
extract the modal parameters. Aerodynamic loads are deter-
mined at each element and applied as external distributed
forces for each model.

Table II shows the natural frequencies in the flap-wise
direction obtained by applying the different beam theories,

that is, (1) Rayleigh, (2) Rayleigh with the effect of control
angles, (3) Timoshenko, (4) rotating Bernoulli, and (5) non-
rotating Bernoulli beams, using the same geometry and
material properties as the NREL 5 MW HAWT blade as
[12]. The comparison is made against the B-modes, FAST
codes, and results from [16,21]. It was found that the results
obtained by the present study agree well with the numerical
and experimental results from other investigations. The
fundamental frequencies obtained in this study have
approximately the same values, which indicates that

Fig. 12. The tangential force due to the aerodynamic load distribution along blade span at the rated operating condition; the black solid
curve is the results of the present work, while the yellow dotted line represents the data adopted from [16], the green dash-dotted line
represents the data from [21], and the red dashed line represents the data from [23].

Fig. 13. The normal force due to the load distribution along the blade span at the rated operating condition; the black solid curve is the
results of the present work, while the yellow dotted line represents the data adopted from [16], the green dash-dotted line represents the
data from [21], and the red dashed line represents the data from [23].
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ignoring the influence of centrifugal force when the blade is
stationary leads to the same results for the fundamental
mode. There are differences in the second frequency ob-
tained using the Bernoulli and rotating Bernoulli theories
from the others. From Table II, the second natural frequency
obtained by Bernoulli and rotating Bernoulli theories
increased by 42.8% compared to its counterpart determined
by Rayleigh theory. This will be checked as it affects the
dynamic response. Table III shows the first five natural
frequencies in the flap-wise and edge-wise directions. It can
be seen that the values of the third and fourth frequencies of
Bernoulli and rotating-Bernoulli (which represent the third
and fourth flap-wise frequencies) are close to each other but
do not agree with the same modal values as obtained using
the other theories.

From the theories being considered, the Rayleigh
model is chosen as the most comprehensive model to
compare with other investigations. The comparison will,
firstly, compare the aerodynamic loading with results re-
ported in the literature that adopted different aerodynamic
methods. Then, the dynamic response in the flap-wise and
edge-wise directions is compared with other studies re-
ported in the literature that adopted different structural
analyses. The aerodynamic load distribution along the blade
span at the rated operating condition in the normal and
tangent direction is illustrated in Figs. 12 and 13, which
show the results of this study generally agree well with data
reported in the literature despite small discrepancies in
some blade sections.

The distribution of dynamic displacement response in
the edge-wise direction along the blade span is shown in
Fig. 14. The figure shows a comparison between the results
obtained by the present study and those obtained using
commercial software such as BEM-ABAQUS [21], CFD-
computational structural dynamics (CSD) models [23]
model, and results reported in [16]. The deflection in the
flap-wise direction along the blade span due to the aerody-
namic loading is shown in Fig. 15. For comparison, the
figure also shows results reported in [16,21,23]. All the

compared studies show some dynamic response discrepan-
cies at some positions along the blade span.

Table IV shows additional results from previous pub-
lications regarding tip blade deflection due to the flap-wise
(out-of-plane) and edge-wise (in-plane) vibrations, thrust
force, and rotor power. Table IV, row 1, represents the
results obtained by Li Z et al., [16], where a geometrically
exact beam model and BEM theory were used to obtain the
blade deformation in both directions of the 5 MW NREL
blade. Similarly, row 2 represents the results of Sabale and
Gopal [19], where BEM-EBM were used for the same
blade, while row 3 represents the results obtained from
[12] where the B-Mods FAST software developed by
NREL was used. Row 4 represents the data obtained
from reference [23] using a CFD flow solver and blade
elastic deformation; row 5 represents the results obtained
from Ponta et al., [14], where the generalized Timoshenko
beam theory was adopted to model the 5 MW NREL blade.
Row 6 represents the results of Sabale and Gopal [20],
where BEM-EBM were used to model the 5 MW NREL
blade, while row 7 presents the results from [21] calculated
using the commercial software ABAQUS for the same
NREL blade. Bernoulli beam theory was adopted to the
same proposed blade to obtain the results in [18], row 8.

The results presented in rows 9–13 were obtained in
this study by applying the Rayleigh, Rayleigh with added
blade angles, Timoshenko beam, rotating Bernoulli, and
nonrotating Bernoulli theories, respectively. The previous
results between rows 1–8 in Table IV are compared with
those obtained in the present study using the different beam
models with BEM theory to calculate the aerodynamic
loads. It was found that the results obtained from the present
study agree with [12], where B-Mods and FAST software
were used. The flap-wise tip deflection agrees with [21],
where the elastic deformation of the blade was calculated
using the FE commercial software ABAQUS, although the
edge-wise deflection was significantly larger. The method
adopted in [16,19,21] for the structural analysis was the

Fig. 14. Blade deflection in the edge-wise direction due to the
aerodynamic loading and gravitational force; the black solid curve
is the results of the present work compared with the yellow dotted
line (data are adopted from [16]), the green-dotted line (data are
adopted from [21] where BEM-ABAQUS was applied), and the
red dashed line (data are adopted from [23] where CFD-CSD was
applied).

Fig. 15. Blade deflection in the flap-wise direction due to the
aerodynamic loading; the black solid curve is the results of the
present work compared with the yellow dotted line (data are
adopted from [16]), the green-dotted line (data are adopted from
[21] where BEM-ABAQUS was applied), and the red dashed line
(data are adopted from [23] where CFD-CSD was applied).
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geometrically exact beam theory, and some differences can
be noticed in the results. [14] adopted the Timoshenko
beam theory for free vibrations, but it can be seen that the
flap-wise deformation is small compared with other results.
On the other hand, the results in [18] obtained from
applying the Bernoulli theory for structural analysis of
the blade showed relatively large deflection values in
both directions. The results in rows 9 and 10 are the
same, which indicates that the pitch and precone angles
may not affect the dynamic response. The same conclusion
can be seen in Table II, where the natural frequencies in
columns 1 and 6 have the same values. The comparison
with previously published results of the dynamic responses
under nominal working conditions, thrust force, and rotor
power shown in Table IV has a range of output results due
to the different structural parameters adopted, with the
present results that are very much on a par with each other
for flap-wise and edge-wise deflections.

The spanwise distributions of blade deflection under
the operational aerodynamic force in the flap-wise direction
are shown in Fig. 16. The dynamic deflections predicted by
all the theories considered are represented in the figure. The
discrepancies between Bernoulli and rotating Bernoulli and
the other theories due to the flap-wise vibration can be seen.
Despite the difference that can be seen in Table IV and also
reported in [14,18], Ponta et al., [14] adopted the Ti-
moshenko beam theory for free vibration analysis, and
the blade tip deflection in the flap-wise direction
(3.85 m) is the smallest of the predicted values shown in
Table IV. Rezaei et al., [18] adopted the Bernoulli theory
for free vibration analysis, and it can be seen that the blade
tip deflection is the largest in both the flap-wise and edge-
wise directions (8.35 m and 1.85 m, respectively). The
studies reported here adopted different codes such as
ABAQUS, FAST, B-Mods, and ANSYS commercial finite
element software to find the modal dynamic characteristics
of the given blade. While all the results in this study were
found using the same code and numerical techniques, the
difference that appears in the frequencies values as shown in
Tables II and III and the deflection values as shown in
Table IV are due to the discrepancies in the numerical
methods that used in each code.

Figure 16 illustrates the flap-wise deflection along the
blade span agreed well for the Rayleigh model, Rayleigh
model with control angle, and Timoshenko model, though
the Timoshenko model results do show some small dis-
crepancies. This result also appears in mode two for flap-
wise natural frequencies, as shown in Tables II and III. At
the same time, the flap-wise result, obtained by applying
Bernoulli and rotating Bernoulli approaches, shows less
accurate results in the end quarter of the blade. The absence
of the rotary inertia effect could be the reason for this.

The dynamic deflection due to the edge-wise vibration
is shown in Fig 17 for all the theories considered in this
study. Unlike the results obtained for the flap-wise deflec-
tions, the dynamic deflection in the edge-wise direction has
similar results along the blade span for all the theories
considered. This could be because the blade’s stiffness in
the edge-wise direction is larger than the stiffness in the
flap-wise direction.

Figure 18 presents the predicted flap-wise slope
dynamic response along the blade span for all the theories

Table IV. Comparison of the dynamic response under nominal working conditions of the present study and references
[12,14,16,18–21] where the same model of 5 MW NREL wind turbine blade was adopted

No. Reference
Flap-wise

deflection m
Edge-wise
deflection m

Rotor
power MW

Thrust
force KN

1 Li Z et al., 2020 [16] 4.49 −0.57 5.3 678.44

2 Sabal & Gopal, 2019a [19] 4.41 −0.57 4.97 690.72

3 Jonkman et al., 2009 [12] 5.47 −0.61 5.28 814.45

4 Yu & Kwon, 2014 [23] 4.72 −0.63 5.22 656.43

5 Ponta et al., 2016 [14] 3.85 −0.56 5.19 660.19

6 Sabale & Gopal, 2019b [20] 4.55 −0.62 5.17 676.12

7 Jeong et al., 2014 [21] 4.83 −0.75 – –

8 Rezaei et al., 2016 [18] 8.35 −1.85 – –

9 Rayleigh theory (present work) 5.827 −0.660 5.38 687

10 Rayleigh+ angles effect (present) 5.827 −0.660 5.38 687

11 Timoshenko theory (present) 5.500 −0.659 5.38 687

12 Rotating Bernoulli (present) 5.378 −0.658 5.38 687

13 Nonrotating Bernoulli (present) 5.341 −0.658 5.38 687

Fig. 16. Flap-wise deflection distribution along the blade span as
predicted by the theories considered in this paper.
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considered in this study, and significant discrepancies can
be noticed. We see the Bernoulli and rotating Bernoulli
theories produce much the same results, but these diverge
substantially from the results produced by the other theories
considered, which have much the same distribution. Fig-
ure 18 shows that the slope values in the length from 30m to
45 m from the blade root obtained using Bernoulli and
rotating Bernoulli are much greater than those obtained
using Rayleigh and Timoshenko based models, while the
slope values in the end blade quarter are much greater using
Rayleigh and Timoshenko theories.

The discrepancies in slope begin in the first quarter of
the blade length, whereas when considering the transverse
deflection in Fig. 16, the differences did not appear until the

last quarter of the blade span. This result may indicate that
slope deflection is a more accurate comparison method.

The structural behavior of a wind turbine blade will
depend on the blade’s parameters used in the analysis. The
blade deformation is predominantly due to different, com-
plex aerodynamic loads. Each rotor revolution causes a
complete gravity stress reversal in the low-speed shaft. In
addition, the deformation stresses are due to the out-of-
plane loading cycle arising from the combined wind load. In
this study, the dynamic response is determined based on the
modal characteristics of the theory being considered and the
relative discrepancies in the dynamic response between the
theories observed. Figure 19 demonstrates the slope angle
distribution due to edge-wise vibration. All the adopted

Fig. 17. Edge-wise deflection distribution along the blade span.

Fig. 18. Flap-wise slope distribution along the blade span.
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theories demonstrate the same slope values along the blade
span, indicating that the blade’s stiffness in the edge-wise
direction is larger than the flap-wise direction. Figures 17
and 19 demonstrate the similarities in the deflection values
of the theories considered.

IV. CONCLUSION
This paper investigated the effects of deformation parame-
ters on the dynamic characteristics of the NREL 5 MW
offshore wind turbine blade using different beam theories.
The dynamic response was calculated based on the model
features of each theory to observe the discrepancies
between the different theories in terms of the net energy,
considered as the sum of the products of forces as expressed
in the governing equations 11–21. The main conclusions of
the study are summarized as follows:

A comparison of simulated natural frequencies indi-
cates that the free vibration analysis in the flap-wise direc-
tion is approximately the same for the Rayleigh and
Rayleigh with adding the blade control angles such as
the pitch precone angles. An important conclusion is that
Bernoulli and rotating Bernoulli’s theories produce differ-
ent natural frequencies values at second and third mode,
while the Rayleigh model produces lower frequencies
values at higher modes than the Bernoulli and rotating
Bernoulli’s models in the flap-wise direction.

There are similarities in the flap-wise dynamic
response between Bernoulli and rotating Bernoulli but
substantial differences in the slope compared to the other
models considered. These differences in the slope may
indicate the importance of the rotary inertia effect, which
is not included in the Bernoulli and rotating Bernoulli
models.

The difference between theories in the edge-wise deflec-
tion is not as apparent as the flap-wise deflection. It may be
because the force acting along the edge-wise direction is
significantly less than the one along the flap-wise direction.
In addition, the stiffness in the edge-wise tends to be higher.

The dynamic slope distribution along the blade span
indicates differences between the theories considered due to
differences in the flap-wise vibration. In contrast, the

dynamic slope distribution for the edge-wise slope showed
a close agreement of all theories considered due to agree-
ment on the edge-wise vibration.
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