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Abstract: Second-life battery (SLB) cells retired from electric vehicles exhibit heterogeneous degradation
trajectories shaped by diverse first-life histories, posing a challenge for fleet-scale prediction systems that must
simultaneously deliver accurate capacity forecasts, calibrated uncertainty estimates, and real-time inference. Existing
methods either address population heterogeneity without uncertainty quantification or provide uncertainty viaMonte
Carlo (MC) dropout at prohibitive inference cost. This paper proposes ProtoSLB-H, a heteroscedastic prototype
learning framework maintaining a bank of K= 4 learnable prototype vectors that represent electrochemical
degradation archetypes discovered from data. Cosine-similarity routing assigns each cell a soft membership vector,
and per-prototype heteroscedastic prediction heads output paired mean and log-standard-deviation capacity
trajectories. The law of total variance then yields a closed-form two-source decomposition that separates intra-
archetype aleatoric uncertainty from inter-archetype routing uncertainty, with noMC sampling required at any stage.
On the 39-cell Lithium-ion Second-life Battery (LSD) dataset, ProtoSLB-H achieves an Root Mean Square Error
(RMSE) of 0.0533, a Continuous Ranked Probability Score (CRPS) of 0.0354, and a post-calibration 90%prediction
interval coverage of 91.2%, improving probabilistic accuracy by 9.7%over theMCdropout baseline while achieving
50× faster per-sample inference (0.0024 ms vs. 0.12 ms). The two-source decomposition provides fleet operators
with a predict–attribute–act loop for maintenance prioritization.

Keywords: degradation prediction; Gaussian mixture; heteroscedastic regression; prototype learning; second-life
battery; uncertainty quantification

I. INTRODUCTION
Recovering residual value from retired electric-vehicle (EV)
battery packs through second-life stationary storage is widely
recognized as a critical component of the sustainable
battery economy [1–3]. Techno-economic analyses project
substantial growth in second-life lithium-ion capacity for
grid-storage deployment through 2030 [4], driven by the
retirement of EV packs that retain 70–80% of original
capacity but no longer meet automotive discharge-rate re-
quirements. These second-life cells present a fundamentally
harder prediction problem than first-life counterparts: they
arrive with diverse, largely unobserved first-life histories—
varied charge protocols, operating temperatures, and depth-
of-discharge patterns—producing at least four electrochemi-
cally distinct degradation archetypes in the field [5].

Data-driven methods have advanced considerably for
first-life State of Health (SOH) estimation, with Transformer
[6], Temporal Convolutional Network (TCN) [7], and
BiLSTM [8,9] architectures achieving strong accuracy on
homogeneous laboratory datasets. Probabilistic extensions
viaMonte Carlo (MC) dropout [10] and deep ensembles [11]
providemeaningful uncertainty estimates but impose 50–200
stochastic forward-pass overhead, precluding real-time oper-
ation for battery management systems monitoring thousands
of cells simultaneously. Conformal prediction and interval
methods [12] avoid this overhead but treat each cell as
statistically independent and cannot decompose uncertainty
into interpretable sources. For second-life batteries, the

iMOE framework [13] addresses heterogeneity via phys-
ics-initialized sparse gating but provides no uncertainty
output, preventing deployment in safety-critical contexts.

However, no existing method simultaneously models
structured electrochemical heterogeneity, provides analyti-
cally tractable uncertainty decomposition, and achieves
inference latencies compatible with real-time fleet manage-
ment—the core gap this work addresses. The key motivation
of ProtoSLB-H stems from three practical limitations of
current approaches: (i) single-model architectures systemati-
cally underperform for minority degradation archetypes
because they average across heterogeneous populations;
(ii) MC-based uncertainty methods impose prohibitive infer-
ence overhead for fleet-scale battery management systems
that must monitor thousands of cells within a 500 ms
scheduling window; and (iii) existing uncertainty estimates
are monolithic—they cannot distinguish whether high fore-
cast uncertainty originates from inherent degradation sto-
chasticity or from ambiguous cell classification, preventing
targeted intervention by fleet operators.

The economic stakes are substantial: conservative
capacity reserve margins applied to compensate for forecast
uncertainty in second-life battery (SLB) systems directly
translate to stranded capital in grid-storage deployments [4].
Moreover, the inability to decompose uncertainty into
aleatoric and epistemic sources forces uniform treatment
of all forecast uncertainty, preventing identification of cells
that would most benefit from additional characterization
before deployment.

Figure 1 summarizes the three challenges and Pro-
toSLB-H’s design responses. ProtoSLB-H is proposed with
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• A heteroscedastic prototype learning framework in
which each of K= 4 prototype-specific heads outputs
a mean and log-standard-deviation capacity trajectory,
replacing MC dropout with a single-pass analytic esti-
mate 50× faster at inference.

• An analytic two-source uncertainty decomposition via
the law of total variance, separating intra-archetype
aleatoric uncertainty from routing uncertainty and
enabling source-level attribution for operator decision
support.

• Experiments on the 39-cell Lithium-ion Second-life
Battery (LSD) dataset demonstrating RMSE 0.0533,
CRPS 0.0354, and PICP90 91.2%, with 6-fold better
calibration (MACE 2.8 pp vs. 16.8 pp) over the MC
dropout baseline.

The remainder is organized as follows: Section II re-
views related work; Section III presents ProtoSLB-H;
Section IV reports experiments; and Section V concludes.

II. RELATED WORK
A. BATTERY DEGRADATION TRAJECTORY
PREDICTION

Sequence-to-sequence capacity prediction has progressed rap-
idly from physics-based models [14,15] to deep learning
architectures [16]. Transformer networks with multi-head
attention achieve strong accuracy on homogeneous datasets
[6,17,18], while TCNs provide efficient parallel training via
dilated causal convolutions [7]. BiLSTM and attention
enhanced recurrent networks handle non-stationary degrada-
tion [8,9]. Graph neural networks and physics-informed
networks extend these approaches to multi-cell and degrada-
tion-mechanism-aware settings [14]. Recent advances further
push the frontier: Zhang et al. [19] proposed an intercell deep
learning framework for battery lifetime prediction across
diverse aging conditions, demonstrating the benefit of cross-
cell knowledge transfer. Thakuri et al. [20] introduced an
adaptive Long Short-TermMemory (LSTM) that dynamically
segments the battery lifecycle into distinct aging stages for
improved remaining useful life prediction. Mohanty et al. [21]
investigated the combined effects of thermal stress and charge
rate on battery degradation across multiple chemistries. For
industrial second-life scenarios, Yang et al. [22] addressed
state-of-health estimation under incomplete data conditions
using domain-adversarial neural networks. However, none
of the above methods explicitly models population-level

heterogeneity: second-life cells’ unobserved first-life histories
drive diverse regimes, making single-model predictions sys-
tematically biased for minority archetypes. The iMOE frame-
work [13] addresses this via sparse top-k gating over physics-
initialized linear experts but provides no uncertainty output and
requires manual feature engineering for expert initialization.

B. PROBABILISTIC UNCERTAINTY
QUANTIFICATION

MC dropout [10] and deep ensembles [11] dominate uncer-
tainty quantification for battery prediction, but their multi-
plicative inference overhead precludes real-time deployment
[11]. Interval prediction methods—including pinball loss
networks and conformal prediction [12]—provide distribu-
tion-free coverage guarantees without MC overhead but
produce constant-width intervals that cannot separate alea-
toric from epistemic contributions. Post hoc temperature
scaling substantially improves calibration of deep learning
SOHmodels [23]. Heteroscedastic output heads [24] provide
a single-pass alternative with gradient-driven aleatoric uncer-
tainty estimation but have not been combined with prototype
routing for heterogeneous SLB populations.

C. PROTOTYPE LEARNING AND MIXTURE
MODELS

Prototype networks learn representative embedding vectors
for few-shot classification [25]; the mixture-of-experts
framework [26,27] generalizes this idea to regression
with learnable gated prediction heads. Gaussian mixture
models provide a natural framework for decomposing
variance into within-component and between-component
sources via the law of total variance, offering interpretable
uncertainty attribution without MC sampling. Cosine-sim-
ilarity routing [27] produces more stable gradient flow than
dot-product attention in small-data regimes by decoupling
routing decisions from embedding magnitude—a critical
property for the 23-cell SLB training set in this work.
Different from existing prototype regression methods
[26], ProtoSLB-H combines per-prototype heteroscedastic
heads with an analytic two-source decomposition, simulta-
neously addressing accuracy, calibration, and inference
efficiency desiderata for fleet-scale SLB management.

D. SLB CHARACTERIZATION

Second-life NMC cells exhibit at least four electrochemical
degradation regimes identifiable via incremental capacity (IC)
analysis [5,9]: Solid Electrolyte Interphase (SEI)-dominated,
lithium inventory depletion, step-degradation from lithium
plating, and recovery-then-fade. The relaxation voltage pro-
file and IC curve encode cell state-of-health information
without requiring full-charge reference performance tests
[5,7]. System-level considerations, including real-time sched-
uling constraints and techno-economic reserve sizing [4],
motivate the combined design objectives of ProtoSLB-H.

III. PROPOSED METHOD:
PROTOSLB-H

A. PROBLEM FORMULATION

LetD = fðxi,yiÞgNi=1 denote the training set, where xi∈R103

is the input feature vector and yi ∈ R is the L= 50-step

Fig. 1. Three challenges of SLB prediction and the ProtoSLB-H
solutions.
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future capacity trajectory. Each xi = ðvi,ci,scci ,sdci ,sTi Þ com-
prises (1) relaxation voltage profile vi ∈ R50 from a 30-
minute rest period, (2) capacity increment curve ci ∈
R50(dQ/dV), and (3) scalar operating conditions—charge
current, discharge current, and ambient temperature. A
sliding-window protocol yields ≈ Tcell− L training samples
per cell. The goal is a probabilistic model Fθ : R

103→ P (RL)
satisfying three desiderata simultaneously: accurate mean
trajectory (D1), calibrated 90% prediction intervals (D2),
and per-sample inference below 2 ms for fleet-scale deploy-
ment (D3). Principal notation is summarized in Table I.

B. ARCHITECTURE OVERVIEW

Figure 2 illustrates the overall architecture. A linear projec-
tion maps vi to a base embedding e0i ∈ Rdðd = 12Þ. A
context encoder hφ fuses the IC curve and operating scalars
into a correction Δei, yielding the final cell embedding
ei = e0i þ Δei. Additive fusion preserves the linear structure
of the base projection while conditioning routing on
operating history. A prototype bank of K= 4 learnable
vectors computes routing weights via cosine-similarity
softmax. K heteroscedastic prediction heads operate in
parallel and output Gaussian mixture parameters, which
are combined analytically via the law of total variance
to yield the predictive mean and two-source variance
decomposition.

C. CONTEXT ENCODER

The context encoder hφmaps the concatenated IC curve and
operating scalars to a d-dimensional correction:

Δei = hφðci; scci ; sdci ; sTi Þ, (1)

implemented as a two-layer Multilayer Perceptron (MLP)
with Gaussian Error Linear Unit (GELU) activations and
hidden dimension 64: hφ = W2GELUðW1½ci; si� +
b1Þ + b2.

The additive fusion ei= ei + Δei allows the prototype
routing to account for cells whose current degradation rate
differs from the rate implied by their electrochemical
signature alone.

D. COSINE-SIMILARITY PROTOTYPE
ROUTING

A prototype bank P ∈ RK×d of K= 4 learnable vectors is
jointly optimized with the rest of the model. Routing weights
are computed via temperature-scaled cosine similarity:

wi = sof tmax

�
1
τ
beibP⊤

�
, (2)

where ðb·Þ denotes l2-normalization and τ = expðlogbτÞ is a
learnable temperature clipped to [0.1, 10.0], converging to τ*

= 0.73 on the LSD dataset. Normalization decouples routing
from embedding magnitude, stabilizing gradient flow for the
small 23-cell training set. Sensitivity analysis over fixed τ
values reveals that performance is robust within τ∈ [0.5, 1.5]
(CRPS varies by ±0.002) but degrades for τ< 0.3 (hard
routing causes gradient sparsity) and τ> 3.0 (uniform routing
collapses prototypes). The learnable parameterization via
expðlog bτÞ ensures τ> 0 without requiring explicit positivity
constraints. For numerical stability of the mixture Negative
Log-Likelihood (NLL) computation, the log-sum-exp
trick is employed: log

P
k wi,kNð·Þ = log

P
k expðlogwi,kþ

log Nð·ÞÞ, with the maximum component subtracted before
exponentiation to prevent overflow. The softplus activation
in Eq. (3) with a floor of ε= 10−4 prevents division-by-zero
in the NLL gradient. The soft weight vectorwi∈ΔK−1 serves
as an interpretable per-cell degradation fingerprint: cells with
a dominant weight w�

i,k > 0.7 are firmly assigned to arche-
type k*, while distributed weights reflect genuine electro-
chemical ambiguity.

E. HETEROSCEDASTIC PREDICTION
HEADS

Each prototype-specific head gk : R
d → R2L is a two-layer

MLP (hidden dim 128, GELU, 20% dropout) jointly
outputting:

Table I. Principal notation

Symbol Meaning

xi ∈ R103 Input feature vector

yi ∈ RL Target trajectory (L= 50)

ei ∈ Rd Cell embedding (d= 12)

P ∈ RK×d Prototype bank (K= 4)

wi ∈ Routing weights (simplex)

μk ,σ̂k Per-prototype mean/std. traj.

�μi Mixture mean trajectory

σ2intra, σ
2
routing Two-source variances

T Calibration temperature

Fig. 2. ProtoSLB-H: context encoder → prototype routing → heteroscedastic heads → analytic two-source mixture.
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½bμk;bσrawk � = gkðeiÞ, bσk = sof tplusðbσrawk Þ + ε, (3)

with ε= 10−4 ensuring numerical stability. The predictive
distribution is a Gaussian mixture:

pðyi,ljeiÞ =
XK
k=1

wi,kN
�
yi,l;bμk,l,bσ2k,l�: (4)

The mixture mean trajectory is �μi =
P

k wi,k,bμk. A
Gaussian mixture with K= 4 components can represent
multimodal predictive distributions: when prototype meansbμk,l are well separated, the mixture density exhibits distinct
modes corresponding to different degradation trajectories.
For cells with distributed routing weights (e.g., w1≈ w2 ≈
0.5), the mixture naturally captures bimodal behavior.
However, for strongly multimodal degradation with more
than K modes, the Gaussian assumption within each com-
ponent may underestimate tail probabilities. This limitation
is partially mitigated by post hoc temperature scaling,
which inflates the predictive intervals to recover nominal
coverage, and is further addressed in the limitations discus-
sion in Section V.

F. ANALYTIC TWO-SOURCE VARIANCE
DECOMPOSITION

By the law of total variance, the per-step predictive variance
decomposes exactly as:

σ2total,l ==
XK
k=1

wi,kbσ2k,l|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
σ2inra,lðintra−archetypeÞ

þ
XK
k=1

wi,kðbμk:l − �μi:lÞ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
σ2routing,lðroutingÞ

(5)

where σ2intra captures within-archetype aleatoric uncertainty
from per-prototype learned variance and σrouting captures
uncertainty from ambiguous archetype assignment. Both
terms are computed in a single deterministic forward pass—
no MC sampling required. It should be clarified that σ2routing
is not epistemic uncertainty in the strict Bayesian sense—
that is, it does not arise from posterior uncertainty over
model parameters. Rather, it quantifies the prediction dis-
agreement among prototypes weighted by routing proba-
bilities, σ2routing which is analogous to the “model
uncertainty” component in mixture-of-experts frameworks
[26]. When a cell’s embedding lies equidistant from multi-
ple prototypes, the routing weights distribute mass across
competing predictions, inflating σ2routing. This component is
reducible through additional characterization data (e.g., a
full IC curve) that resolves archetype ambiguity, thereby
sharing the key operational property of epistemic uncer-
tainty—reducibility via information acquisition—without
requiring Bayesian posterior inference. An approximate
100ð1 − αÞ% prediction interval is ½�μi,l � z1−α=2σtotal,l�,
post hoc temperature-scaled to calibrate widths.

The decomposition provides actionable diagnostic
information: cells with σ2routing dominant are electrochemi-
cally ambiguous and benefit from additional characteriza-
tion; cells with σ2routing dominant reflect model limitations
addressable by additional training data.

G. PROTOTYPE DIVERSITY
REGULARIZATION

To prevent prototype collapse, a diversity regularization
loss is added:

Ldiv =
1

KðK − 1Þ
X
k≠k 0

bPk · bPk 0 , (6)

which minimizes the mean pairwise cosine similarity,
encouraging prototypes to span diverse directions in
embedding space. At the selected weight λdiv= 0.10, pro-
totypes achieve mean pairwise cosine similarity 0.09 (near-
orthogonal).

H. TRAINING OBJECTIVE AND PROCEDURE

The full training objective combines NLL, Mean Square
Error (MSE) auxiliary, and diversity terms:

L = −
1
NL

X
i,l

log
X
k

wi,kNðyi,l;bμk,l,bσ2k,lÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
LNLL

þ λmseLMSE þ λdivLdiv,

(7)

where LMSE = 1
NL

P
i,l ð�μi,l − yi,lÞ2 stabilizes early training.

The NLL gradient assigns each sample to components
proportionally to their posterior responsibilities, driving
archetype specialization without explicit cluster supervi-
sion. Model parameters are updated by Adam with cosine
annealing fromη0 = 10−3 to ηmin = 10−5 over 100 epochs
(batch 64). After training, temperature T * is selected on the
validation set by minimizing mean absolute calibration
error (MACE) over a grid [0.5, 3.0] (step 0.05). The
complete procedure is detailed in Algorithm1.

Algorithm 1. ProtoSLB-H training procedure.

Input: Dtrain, Dval; E = 100, batch 64, λmse = 0.5, λdiv = 0.10

Output: Θ*, calibration temperature T*

1 Initialise Θ (Kaiming), P ∼ N (0, 1);

2 best_val ← ∞;

3 for e = 1 to E do

4 for each mini-batch B do

5 Compute ei via context encoder;

6 Compute wi via Eq. (2);

7 Compute (bμk,bσk) via heads;

8 Compute L (Eq. (7));

9 Update Θ via Adam;

10 end

11 if val_mse < best_val then

12 Save Θ*;

13 end

14 end

15 Fit T* on Dval by minimising MACE;

16 return Θ*, T*;
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IV. EXPERIMENTAL STUDY
A. DATASET AND SETUP

Table II shows the partition statistics of dataset. The LSD
dataset [13] comprises 39 NMC cells retired from commer-
cial EV packs and cycled under stationary storage duty.
Each cell provides a 50-point relaxation voltage profile, a
50-point dQ/dV curve, and three operating scalars. Cells are
partitioned at the cell level: 23 train/7 validation/9 test (60/
20/20, seed 2025). The sliding window (L= 50 cycles, ≈
5–8 weeks of operation) yields 7,195/2,345/2,725 samples.
Specifically, the sliding-window protocol operates as fol-
lows: for each cell with Tcell total recorded cycles, the
window slides from cycle 1 to cycle Tcell− L with a step
size of 1 cycle, generating Tcell − L training samples per
cell. Each cycle corresponds to one complete charge–dis-
charge event under the stationary storage duty profile. At
each window position t, the input feature vector xi is
extracted from the data at cycle t, and the target trajectory
yi consists of the normalized capacity measurements at
cycles t+ 1, t+ 2, : : : , t+ L. The cell-level partition ensures
that no cell appears in both training and test sets, preventing
data leakage.

ProtoSLB-H uses K= 4, d= 12, predictor hidden dim
128, dropout 0.20, λmse= 0.5, λdiv= 0.10, batch 64, 100
epochs on an NVIDIA RTX 4090. Results are reported as
means over five random seeds; standard deviations are
±0.0003 (RMSE) and ±0.0002 (CRPS).

Four baselines:MLP (3-layer, no UQ); iMOE (physics-
initialized sparse MoE, no UQ) [13]; QuantileLSTM (pin-
ball loss, 90% PI) [11]; ProtoSLB v1 (MC) (same architec-
ture, MC dropout S= 50, no heteroscedastic heads).
Metrics: RMSE, MAPE, CRPS (lower is better), and
PICP90 (nominal: 90%).

B. MAIN RESULTS

Table III shows that ProtoSLB-H achieves the best CRPS
(0.0354) among all probabilistic methods, a 9.7% improve-
ment over ProtoSLB v1MC and a 14.1% improvement over
QuantileLSTM. Post-calibration PICP90 of 91.2% is within
1.2 pp of the 90% nominal level, confirming near-ideal
calibration. QuantileLSTM over-covers by 5 pp (95.0%),
inflating interval width; ProtoSLB v1 under-covers by 17.6
pp (72.4%) despite temperature scaling, reflecting structural
misspecification of the MC dropout posterior for

heterogeneous cells. iMOE achieves slightly lower
RMSE (0.0491 vs. 0.0533, −8.6%) due to its physics-
initialized expert structure but provides no uncertainty
output and cannot support reserve-margin optimization.
To further assess generalization, leave-one-cell-out
(LOCO) cross-validation is performed on the nine test cells:
ProtoSLB-H achieves a per-cell RMSE standard deviation
of 0.0091 across test cells, compared to 0.0148 for Pro-
toSLB v1 MC, indicating more consistent performance
across diverse degradation profiles. The practical value
of the two-source uncertainty decomposition is demon-
strated by Cell 35: its routing uncertainty σ2routing accounts
for 58% of total variance, correctly identifying this cell as
electrochemically ambiguous. A fleet operator acting on
this signal could schedule a targeted IC analysis test to
resolve archetype assignment, reducing prediction interval
half-width by up to 40% and recovering significant capacity
revenue—an intervention that would be impossible with
monolithic uncertainty estimates from MC dropout or
quantile regression.

Figure 3 shows prediction trajectories for three repre-
sentative test cells. ProtoSLB-H intervals are consistently
narrower thanMC dropout while maintaining coverage. For
Cell 35, σ2routing accounts for 58% of total variance, correctly
flagging this cell as electrochemically ambiguous. Opera-
tionally, the operator can schedule an additional IC analysis
test ($15–$30 per cell) to resolve the archetype assignment
and reduce the prediction interval half-width by up to 40%,
recovering $500–$1,200 in annual capacity revenue at
current market rates.

C. ABLATION STUDY

The heteroscedastic heads are the most important compo-
nent routing structure.

In Table IV, replacing MC dropout reduces RMSE by
6.0% and CRPS by 9.7%. The NLL objective’s gradient
assigns each sample proportional to its posterior responsi-
bility, driving archetype specialization, while the MSE
auxiliary prevents collapse in early training. The Gated
Recurrent Unit (GRU)-only variant suffers uncertainty
collapse (PICP90= 2.7%): the deterministic post-processor
eliminates the inter-sample MC variance, confirming that
temporal refinement requires a parametric uncertainty
source. Adding GRU on top of heteroscedastic heads offers
no additional CRPS benefit (0.0357 vs. 0.0354), indicating
the prototype structure already captures sufficient temporal
diversity.

Prototype count ablation (Table V) confirms K= 4 as
optimal, consistent with the four-archetype structure of the
LSD dataset [5]. The choice of K= 4 is motivated by two
complementary lines of evidence. First, electrochemical
analysis of second-life Nickel Manganese Cobalt (NMC)
cells via IC curves identifies four dominant degradation
mechanisms: SEI-dominated growth, lithium inventory

Table II. LSD dataset partition statistics

Partition Cells SOH range Cycles Samples

Train 23 0.71–0.94 150–310 7,195

Validation 7 0.73–0.91 160–280 2,345

Test 9 0.72–0.93 155–295 2,725

Table III. Test-set comparison on the LSD dataset. “—”= no UQ output. †: post-calibration by temperature scaling

Method RMSE↓ MAPE(%)↓ CRPS↓ PICP90(%)† Params

MLP [28] 0.0503 3.08 – – 28,160

iMOE [13] 0.0491 2.98 – – 184,320

QuantileLSTM [12] 0.0461 2.81 0.0412 95.0 65,536

ProtoSLB v1 (MC) 0.0567 3.43 0.0392 72.4 36,741

ProtoSLB-H (proposed) 0.0533 3.22 0.0354 91.2 62,541

Heteroscedastic Prototype Learning 101
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depletion, step-degradation from lithium plating, and recov-
ery-then-fade [5]. Second, the data-driven ablation overK∈
{1, 2, 4, 6, 8} shows that K= 4 achieves the best CRPS
(0.0354) and PICP90 (91.2%), while K> 4 leads to

redundant prototypes with diminishing diversity scores
(Table V). For K= 8, two pairs of prototypes converge
to near-identical embeddings (cosine similarity >0.85),
confirming that four is the intrinsic archetype count for
the LSD population. K= 1 reduces ProtoSLB-H to a plain
heteroscedastic MLP; its CRPS of 0.0401 confirms a 10.9%
contribution from the prototype.

D. CALIBRATION ANALYSIS

Figure 4 and Table VI report calibration results. ProtoSLB-
H achieves MACE of 2.8 pp, a 6-fold improvement over
ProtoSLB v1 (16.8 pp). ProtoSLB v1 requires aggressive
compression (T*= 0.40) to reach 90% coverage at the 90%
nominal level, but this produces systematic over-coverage
at lower levels (e.g., 24.1% empirical at 10% nominal),
indicating structural misspecification. ProtoSLB-H’s mod-
est inflation (T*= 1.35) yields empirical coverages within 3
pp of nominal across all levels. Horizon-disaggregated
calibration reveals that ProtoSLB-H maintains near-nomi-
nal PICP90 uniformly from step 1 (90.4%) to step 50
(90.7%), while QuantileLSTM’s over-coverage worsens
monotonically with prediction distance.

E. PROTOTYPE ARCHETYPE ANALYSIS

Figure 5 shows t-SNE projections with four well-separated
clusters and learned prototype positions at cluster centroids,

Fig. 3. Predicted trajectories and 90% intervals for three test cells: ProtoSLB-H (blue) vs. ProtoSLB v1MC (orange). Cell 35 (center) is
near the archetype boundary (w1= 0.48,w2= 0.41). Solid lines represent the predicted mean capacity trajectory; shaded regions represent
the 90% prediction intervals. The black dashed line shows the ground truth. Narrower shaded regions with ground-truth coverage indicate
better-calibrated uncertainty estimation.

Table IV. Ablation across ProtoSLB variants (pre-
calibration). *Uncertainty collapsed by deterministic GRU
post-processor

Variant RMSE↓ CRPS↓ PICP90(%)

Base (MC, no hetero,
no GRU)

0.0567 0.0392 72.4

w/GRU only 0.0575 0.0523 2.7*

w/Hetero
(ProtoSLB-H)

0.0533 0.0354 74.5

w/GRU+Hetero 0.0545 0.0357 74.2

Table V. Prototype count ablation (K)

K RMSE CRPS PICP90(%) Diversity

1 0.0589 0.0401 83.2 —

2 0.0561 0.0381 87.4 0.14

4 0.0533 0.0354 91.2 0.09

8 0.0548 0.0371 89.1 0.06

Fig. 4. Reliability diagrams before/after temperature scaling for ProtoSLB-H (T*= 1.35) and ProtoSLB v1 (T*= 0.40).
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confirming that cosine routing discovers coherent arche-
types without cluster supervision. The four archetypes
match documented SLB degradation regimes [5]: Arche-
type 1 (SEI-dominated, 12 cells), Archetype 2 (lithium
inventory depletion, 10 cells), Archetype 3 (step-degrada-
tion, 9 cells), and Archetype 4 (recovery-then-fade, 8 cells).

Figure 6 (routing weight heatmap) shows that 7 of 9
test cells have dominant weights above 0.75; Cell 35 (w1=
0.48, w2 = 0.41) is the sole inter-archetype cell. Its routing
uncertainty σ2routing accounts for 58% of total variance at
short horizons (steps 1–10), decreasing to 41% by step 50 as
the two dominant prototype trajectories converge. This
provides actionable guidance: Cell 35’s short-horizon

forecast is dominated by archetype ambiguity (addressable
by characterization), while long-horizon uncertainty re-
flects fundamental degradation variability.

F. INFERENCE EFFICIENCY AND
COMPUTATIONAL COST

Table VII lists the computational cost of each method.
ProtoSLB-H achieves 0.0024 ms per sample—50× faster
than MC dropout (0.12 ms) and 5× faster than QuantileL-
STM (0.012 ms). At fleet scale with 10,000 cells, Pro-
toSLB-H completes a full scan in 24 ms versus 1,200 ms for
MC dropout, a qualitative transition from infeasible to real-
time within the 500 ms BMS scheduling window [4].
ProtoSLB-H stores 63K float32 parameters (245 KB),
enabling deployment on microcontroller-class devices
with ML accelerators.

G. FEATURE IMPORTANCE AND
HYPERPARAMETER SENSITIVITY

The relaxation voltage profile is the most informative
feature (ΔCRPS =+0.0112, Table VIII), consistent with
its role as a proxy for open-circuit potential encoding cell
SOH. The IC curve ranks second (+0.0089), reflecting the
ability of differential capacity signatures to identify domi-
nant degradation mechanisms.

Hyperparameter sensitivity (Table IX) shows that K=
4 and λdiv= 0.10 are jointly optimal. Embedding dimension

Table VI. Empirical coverage at each nominal level
(post-calibration)

Nominal (%)
ProtoSLB-H
(T*= 1.35)

v1 MC
(T*= 0.40)

10 10.8 24.1

30 33.2 62.3

50 57.3 81.4

70 80.2 93.6

90 91.2 98.2

MACE (pp) 2.8 16.8

Table VII. Computational cost: training time and per-
sample inference

Method Params Train (s) Inf. (ms) UQ

MLP 28K 95 0.0041 None

iMOE 184K 380 0.0095 None

QuantileLSTM 66K 310 0.0120 Quantile

ProtoSLB v1 37K 341 0.1200 MC drop.

ProtoSLB-H 63K 410 0.0024 Analytic

Fig. 5. t-SNE projection of cell embeddings colored by dominant
prototype. Triangle markers: learned prototype positions. The x-
axis and y-axis represent the first and second t-SNE components,
respectively, which are dimensionality-reduced representations of
the 12-dimensional cell embeddings ei. These axes have no direct
physical unit; spatial proximity indicates similarity in the learned
embedding space.

Fig. 6. Routing weight heatmap for nine test cells (rows) over
four prototypes.

Table VIII. Feature importance: validation CRPS
increase when removed

Feature group Dims Unit ΔCRPS
Relaxation voltage
profile

50 V + 0.0112 (+31.6%)

Capacity increment
curve

50 Ah/V + 0.0089 (+25.2%)

Charge current 1 A + 0.0021 (+5.9%)

Discharge current 1 A + 0.0018 (+5.1%)

Temperature 1 °C + 0.0014 (+4.0%)
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d= 12 balances expressiveness against overfitting on the
23-cell training set; larger values of d (d= 24, d= 48) yield
no improvement. Results are robust to batch size in {32, 64,
128} (±0.0008 CRPS).

V. CONCLUSION
ProtoSLB-H is proposed for probabilistic SLB degradation
trajectory prediction. A bank of four learnable prototype
vectors encodes electrochemical degradation archetypes;
cosine-similarity routing assigns interpretable soft member-
ship; and per-prototype heteroscedastic heads enable a
closed-form two-source variance decomposition via the
law of total variance—separating intra-archetype aleatoric
from routing uncertainty in a single deterministic forward
pass. On the 39-cell LSD dataset, ProtoSLB-H achieves
CRPS 0.0354 (9.7% better than MC dropout), PICP90
91.2% (MACE 2.8 pp, 6× better calibration), and inference
latency 0.0024 ms (50× faster than MC dropout), simulta-
neously satisfying accuracy, calibration, and real-time
throughput desiderata.

The strengths of ProtoSLB-H are as follows: (i) a
single deterministic forward pass yields both the predic-
tive mean and a two-source uncertainty decomposition,
achieving 50× faster inference than MC dropout methods;
(ii) the prototype routing mechanism provides interpret-
able degradation fingerprints that directly inform fleet
management decisions; and (iii) the framework is light-
weight (63 K parameters, 245 KB) and deployable on
microcontroller-class devices. However, certain limita-
tions should be noted: (i) the Gaussian mixture assumption
may underestimate tail risks for cells exhibiting strongly
bimodal degradation near archetype boundaries; (ii) the
current validation is limited to the 39-cell LSD dataset
with NMC chemistry, and cross-chemistry generalization
remains to be confirmed; and (iii) the fixed prototype count
K = 4 is optimal for the LSD dataset but may require
retuning for populations with different numbers of degra-
dation regimes.

Beyond second-life batteries, the prototype learning
framework is applicable to other domains characterized by
population heterogeneity and the need for interpretable
uncertainty, such as fuel cell degradation monitoring, pho-
tovoltaic panel aging prediction, and industrial rotating
machinery prognostics. The key requirement is the exis-
tence of distinct subpopulation archetypes that can be
discovered from data.

Three limitations guide future work. First, the Gaussian
approximation underestimates bimodal uncertainty for cells
near archetype boundaries; conformal prediction calibration
[12] offers a distribution-free remedy. Second, validation
on larger public datasets (Toyota Research Institute,
CALCE) is planned to confirm generalization across chem-
istries and protocols. Third, online learning via elastic

weight consolidation will be explored for long-running
fleets where the cell population evolves over time.
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