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Abstract: Surface defects, including dents, spalls, and cracks, for rolling element bearings are the most common
faults in rotating machinery. The accurate model for the time-varying excitation is the basis for the vibration
mechanism analysis and fault feature extraction. However, in conventional investigations, this issue is not well
and fully addressed from the perspective of theoretical analysis and physical derivation. In this study, an improved
analytical model for time-varying displacement excitations (TVDEs) caused by surface defects is theoretically
formulated. First and foremost, the physical mechanism for the effect of defect sizes on the physical process of
rolling element-defect interaction is revealed. According to the physical interaction mechanism between the
rolling element and different types of defects, the relationship between time-varying displacement pulse and defect
sizes is further analytically derived.With the obtained time-varying displacement pulse, the dynamic model for the
deep groove bearings considering the internal excitation caused by the surface defect is established. The nonlinear
vibration responses and fault features induced by surface defects are analyzed using the proposed TVDE model.
The results suggest that the presence of surface defects may result in the occurrence of the dual-impulse
phenomenon, which can serve as indexes for surface-defect fault diagnosis.
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I. INTRODUCTION
Rolling element bearing is one of the most critical compo-
nents in rotatingmachines, such as aeroengines, wind turbine
gearboxes, and high-speed spindles. In practical engineering,
the presence of defects in rolling element bearings may result
in a significant increase in the bearing vibration level.
Therefore, detecting and monitoring the occurrence of bear-
ing defects is crucial for the operational safety assurance of
rotating machines. Vibration-based condition monitoring
and fault detection methods are the most widely exploited
methods for bearing defects, which significantly depends on
the successful feature extraction of bearing defects.

According to mechanism analysis and practical expe-
rience, surface defects may lead to impulse vibration re-
sponses when the rolling element passes through the surface
defect. The impulse response amplitude depends on the
defect shape and depth, which may directly affect the
accuracy of the health condition evaluation for rolling
element bearings. At present, circles and squares are often
employed to characterize the surface shape of surface
defects. As for the circle-shaped surface defects, a single
sine or cosine function is often utilized to describe the time-
varying displacement excitation (TVDE) induced by de-
fects [1], which can be expressed as follows:

δd =
�
Hd sin

�
π
φ ðθt − θ0Þ

�
, 0 ≤ jmod½θt,2π� − θ0j ≤ φ

2

0, otherwise

(1)

As for the square-shaped surface defects, a rectangular
window function is usually employed to characterize the
time-varying excitation induced by defects [2], which can
be expressed as:

δd =
�
Hd, 0 ≤ jmod½θt,2π� − θ0j ≤ φ

2

0, otherwise
(2)

whereHd indicates the defect depth, θ0 is the initial location
of the defect in the circumferential direction, θt is the
rotational angle of the jth rolling element, and φ indicates
the circumferential size of the defect.

In recent decades, numerous investigations have been
performed based on trigonometric and rectangular models
[3–6]. The topics about the fault mechanism of bearings
with surface defect [7–9], the influence of defect on bearing
vibration feature evolution [10–15], the nonlinear coupling
mechanism of rotor-bearing systems with defect [16–21],
and the defect size estimation of rolling element bearings
[1,12,22,23] have been well and deeply addressed. How-
ever, due to the variety and complexity of defect types and
shapes, the TVDE model based on the single function is
insufficient to accurately characterize the surface topology
feature of surface defects, which can be accounted for as
follows. First and foremost, the difference in types and
shape topologies of defects makes it challenging to obtain
an accurate mathematical expression and physical repre-
sentation of excitations for all types of defects with only a
single function [24–27]. Second, even for one type of
defect, the difference in defect sizes may also lead to the
variance of time-varying displacement and stiffness excita-
tion. For example, the differences in defect length, width,
and depth for the defect with rectangular surface topology
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will result in different forms of rolling element-defect
interactions and thus affect the time-varying excitations
[27]. At last, even though the type and defect sizes are
determined, the conditions of rolling element-defect inter-
actions may differ due to the defect direction and loca-
tions [28].

As indicated in academic research and engineering
application, an accurate defect excitation model for rolling
element bearings is necessary to accurately predict vibra-
tion characteristics induced by defects, which is significant
for the accuracy improvement of early bearing fault diag-
nosis and defect size estimation. Therefore, it is in urgent
demand for the accurate mathematical and physical model-
ing of surface defects according to the defect shapes and
sizes and, further, the formulation of the quantitative func-
tion between the defect surface topologies (shape and size)
and time-varying excitations. Recently, some scholars
explored analytical and numerical methods to promote
vibration prediction accuracy. As for the analytical model-
ing of surface defects, there are mainly two techniques to
improve. The first is to theoretically deduce the additional
displacement excitation, which enables a more accurate
characterization of the time-varying excitation induced by
surface defects [24,25,27,29,30]. Another is to introduce
the impact effect caused by the collision between the
leading and trailing edges of surface defects and rolling
elements [2,26,27,31,32]. As for the numerical modeling of
surface defects, most are developed based on finite element
theory [33–36].

Liu et al. [24,25] conducted a series of studies on the
analytical modeling of time-varying excitation induced by
surface defects of rolling ball bearings using piecewise
functions, which depend on the defect shapes and sizes.
In their investigations, the time-varying excitation is
assumed to be a piecewise function that can be theoretically
calculated based on the rolling element-defect interaction
relationship. Based on the proposed time-varying excitation
model, they further explored the effects of defect edge
topologies [37,38] and offset and bias [28] on bearing
vibrations and fault feature evolution. The piecewise
modeling method is also extended to the defect modeling
of roller bearings [29,30,37,39] and the vibration mecha-
nism analysis of rotor-bearing systems with bearing defects
[40]. However, one should note that, in Refs. [24,25], the
time-varying displacement during the rolling element roll-
in and roll-out of defects is set as the complete-period
trigonometric function, which constrains the reasonability
and accuracy of the proposed model. Luo et al. [41] andWu
et al. [27] further addressed this issue through the theoreti-
cal derivation of the additional displacement induced by
surface defects rather than using the assumption in Refs.
[24,25], based on which they further investigated the dual-
impulse phenomenon of vibration responses and quantita-
tive diagnosis for faulty rolling ball bearings. However,
only the effect of defect length is considered in their study.

To further involve the impact of rolling element-defect
edge collision, some scholars explored the analytical
modeling of impact force when the rolling element rolls
in and out of the defect. Luo et al. [26] deduced the impact
force induced by the interaction between the rolling element
and defect zone based on energy conservation theory. It is
assumed that the mechanical energy of the rolling element is
conservative during its release of deformation from the
entry to impact. Combining the additional TVDE model
proposed in Ref. [41], they further addressed the dual-

impulse behavior and defect size estimation. Cao et al.
[42] proposed a novel method to characterize the impact
force of rolling element-defect interaction based on the
Hertz contact theory. However, due to the two-DOF
dynamic model of rolling bearings adopted in their inves-
tigations, the above works may fail to capture the three-
dimensional motion effects of rolling elements on bearing
vibration. Niu et al. [2,31,32,43] developed a complete
dynamic model of rolling bearings with surface defects,
which is enabled with the capability of characterizing the
three-dimensional motion of all components. In their
model, the TVDE is modeled as the half-sine function,
and the impact force model is developed using Hertz
contact theory. Based on the proposed model, they system-
atically investigated the effects of three-dimensional motion
of balls on bearing vibration behavior [2] and the passing
frequencies underlying the influences of condition parame-
ters and defect sizes variation [31]. Based on the complete
dynamic model of rolling bearings adopted in Refs.
[2,31,32,43], Jiang et al. [44] further addressed the vibration
modeling and fault feature analysis of rolling bearings
considering the three-dimensional defect area. Some in-
vestigations are also dedicated to characterizing the rolling
element-defect interaction behavior, including the time-
varying displacement and impact force excitations with
finite element theory [33–36,45]. However, the complexity
of nonlinear contact between the rolling element and sur-
face defect may result in challenging issues such as con-
vergence of nonlinear contact problems, enormous
consumption of CPU time, and lack of physical interpret-
ability for numerical simulation results. These sufferings
restrict the direct application of finite element theory to
dynamic modeling of rolling bearings with surface defects.

The investigations mentioned above significantly pro-
mote the development and understanding of theoretical
modeling and vibration mechanisms of rolling bearings
underlying the effects of surface defects. However, there
are following issues remain to be addressed. (i) The state-of-
the-art studies only provide the time-varying excitation
expression for the rectangular defect with different sizes,
while the influence of the defect surface topologies on the
time-varying excitations remains to be revealed. (ii) The
trigonometric function with the entire period is used to
construct the piecewise time-varying excitation model,
which is inaccurate because the displacement variation
does not fully follow the complete-period trigonometric
function. (iii) Only two parameters, that is, the ratio of the
ball to defect and the ratio of the length to width of defect, to
construct the rules of defect modeling, which is insufficient
for accurately characterizing rolling element-defect inter-
actions for all types and sizes of the defect. This study
focuses on the theoretical modeling of TVDE and vibration
mechanism analysis of rolling bearings with surface de-
fects. The main contributions of this study are as follows. (i)
First and foremost, theoretically, the main contribution of
this work is to deduce the formulation of TVDE induced by
surface defect when the rolling element rolls in and out of
the defect zone rather than based on the assumption adopted
in Refs. [24,25]. As a result, this paper may provide a more
reasonable interpretation of the form for TVDE induced by
surface defects. (ii) Second, a more comprehensive defect-
type classification criterion is proposed by introducing a
new parameter related to defect depth, which enables a
more accurate and reasonable defect-type characterization.
(iii) An improved analytical time-varying displacement
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excitation model (ATVDEM) is proposed by combining the
defect-type criterion and the TVDE model during the roll-
ing element roll-in and roll-out of the defect. With the
proposed ATVDEM, the vibration responses of rolling
bearings with different types of surface defects are ana-
lyzed, based on which the feature evolution mechanism of
defects is revealed.

The remaining parts of this study are organized as
follows. In section 2, the contact relationship between the
rolling element and surface defect is analyzed, based on
which the defect-type criterion is proposed. In section 3, the
time-varying excitation mechanism is first investigated, and
the ATVDEM is then proposed. In section 4, the validity of
ATVDEM is verified, and the vibration mechanism is
anlayzed. The conclusion is summarized in section 5.

II. INNER EXCITATION MECHANISM
OF BEARING DEFECT

A. MECHANISM ANALYSIS

It is well known that the surface defect on the bearing
grooves will generate an impulse excitation when the roll-
ing element passes through the defect. Achieving the
accurate estimation of the impulse excitation is of great
significance for the vibration modeling and analysis of
rolling element bearings with surface defects. Due to the
variance of the surface shape for surface defects, the
impulse excitation mechanism may differ from each other.
In practical engineering, the surface defect characterized by
a rectangular-like surface shape (Fig. 1) is the most com-
mon one, which will be discussed in this study, while other
types of surface defects are beyond this study’s scope.

According to the theoretical analysis in Refs. [24,25], it
is easy to figure out that the contact points between the
rolling element and defect edges may vary over time when
the rolling element pass through the defect surface, as
shown in Fig. 1. As can be seen in Fig. 1, the impulse
excitation form can be classified into five types according to
the defect sizes, as well as the contact points variation law.
Their inner excitation mechanism is illustrated as follows.

1) TYPE I. The surface defect labeled by Type I (Fig. 1(a))
is employed to describe the surface crack or single-point
defect on the groove, which generally occurs in the early
stage of bearing faults. In this case, the defect size (length
and width) is much less than the size of the rolling element,
that is, dball ≫ minðL,BÞ. When the rolling element passes
through the defect, one assumes that there is only one
contact point between the rolling element and surface
defects.

2) TYPE II. The defect labeled by Type II (Fig. 1(b))
indicates those defects with a larger size than the one of
Type I, such as small-size spalling and dent. In this case, we
have the following relationships of L < B and

Hd>min

�
0.5

�
dball−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball−L2

q �
,0.5

�
dball−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball−B2

q ��

(3)

As the rolling element rolls over the defect, the number
of contact points changes from 1 (the rolling element passes
through the defect entry), then to 2 (the rolling element
contacts with the leading and trailing edges simulta-
neously), and finally to 1 (the rolling element exits the
defect region). Another phenomenon worthy of notation is
that the rolling element does not come into contact with the
defect bottom and side edges.

3) TYPE III. The defect labeled by Type III (Fig. 1(c)) is a
specified defect with a square surface shape, that is, L = B.
One should note that this type can be considered a special
one of Type II, and thus the condition of Eq. (3) still makes
sense. When the rolling element passes through the defect
entry, the rolling element only contacts with the defect
leading edge, and thus there is only one contact point. As
the rolling element reaches the center axis of the defect, the
rolling element simultaneously contacts with the defect’s
leading edge, trailing edge, and two side edges, and thus
four contact points exist. As the rolling element rolls over
the defect trailing edge, the number of contact points will
return to one again.

4) TYPE IV. With the propagation of the above three types
of defects, they may develop into the defect labeled Type IV
(Fig. 1(d)). In this case, the relationships of L > B and Eq.
(3) make sense. In the beginning, the rolling element passes
through the entry, where it only contacts with the defect
leading edge, resulting in only one contact point. As the
rolling element reaches the two side edges, the contact
number changes to 3. After that, the rolling element leaves
the leading edge, with only contact with two side edges,
thus generating two contact points. While the rolling ele-
ment touches the trailing edge, the rolling element will
simultaneously come into contact with two side edges and
the trailing edge. Thus, there exist three contact points.
Continuously, the rolling element will exit the defect
region; within this period, the rolling element will only
contact the trailing edge, and thus only one contact point
exists between the rolling element and the defect.

5) TYPE V. This type of defect is often employed to
describe a severer surface defect, for example, the large-
area spalling, which may be caused by the further expansion

Fig. 1. Contact points between the rolling element and defect, (a) Type I (dball ≫ minðL,BÞ), (b) Type II (L < B), (c) Type III (L = B),
(d) Type IV (L > B), and (e) Type V (Hd ≤ Hsd), where dball denotes the diameter of rolling element.
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of the types of defects mentioned above. The defect can be
classified as Type V only if the defect size satisfies either of
the following two relationships:

dball≤minðB,LÞorHd

≤min
n
0.5

�
dball−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball−L2

q �
,0.5

�
dball−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball−B2

q �o
(4)

As shown in Fig. 1(e), there is only one contact point in
the beginning during the rolling element passing through
the entry. However, when the rolling element touches the
bottom of the defect, the contact points will instantly change
from 1 to 2. As the rolling element leaves the leading edge,
there will be only one contact point again between the
rolling element and the defect bottom. As the rolling
element reaches the trailing edge, it will generate two pairs
of contact between the rolling element and bottom and
between the rolling element and trailing edge, respectively.
Continuously, the rolling element will leave the bottom and
only contact with the trailing edge; thus, only one pair of
contact will be generated between the rolling element and
the trailing edge.

B. DEFECT-TYPE CRITERIA

In Refs. [24,25], two parameters are employed to mathe-
matically characterize the surface topologies of surface
defect for rolling bearings. They are defined as follows:

➣ The ratio of rolling element size to the surface defect
size, i.e.,

ηbd =
dball

minðB,LÞ (5)

➣ The ratio of defect length to defect width, i.e.,

ηd =
L

B
(6)

To characterize the defect types more accurately, in this
study, a parameter based on the defect depth is further
proposed as follows:

ηh=
Hd

min
n
0.5

�
dball−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball−L2

p �
,0.5

�
dball−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball−B2

p �o
(7)

According to the theoretical analysis in the last sub-
section, one may conclude that (i) the defect should be
classified as one of Types II∼IV when ηh > 1 and other
additional conditions make sense, and (ii) but when ηh ≤ 1,
the defect should be classified into Type V.

According to the above-defined parameters, the fol-
lowing criteria can be obtained for the mathematical char-
acterization of the surface defects with rectangular-like
surface shape, and it is formulated as:

Jdefect type =

8>>>>><
>>>>>:

I ηbd ≫ 1,in this study; we set ηbd ≥ 200
II ηbd > 1,ηd < 1 and ηh > 1
III ηbd > 1,ηd = 1 and ηh > 1
IV ηbd > 1,ηd > 1 and ηh > 1
V ηbd ≤ 1 or ηh ≤ 1

(8)

where Jdefect type indicates the label of defect type. Com-
pared with Refs. [24,25], with the introduction of ηh, we can

better describe and characterize the defect topologies.
Significantly, the defect labeled by Type V is characterized
by setting ηbd ≤ 1 in Refs. [24,25], which is unreasonable
and inaccurate because the possibility of the case satisfying
the relationship ηbd ≤ 1 is rare in practical engineering.
Actually, according to Eq. (8), it is easy to be figured out
that the defect can be characterized with the label of Type V
as long as ηh ≤ 1, no matter how much ηd is, and ηbd ≤ 1 is
only the special case for ηh ≤ 1.

III. TVDE MODELING
In this section, TVDE will be theoretically formulated
based on the defect-type criteria in the last section, thus
proposing the improved analytical model for the time-
varying displacement excitation model (ATVDEM).
With the proposed ATVDEM, the dynamic model of rolling
bearings with surface defects will also be developed on the
following assumptions. (i) This study focuses on the time-
varying displacement induced by surface defects. Thus, the
effects of lubrication are neglected. (ii) In order to simplify
the modeling process, the 2-DOF dynamic model is em-
ployed to develop the vibration model of rolling element
bearings with surface defects. Therefore, the three-dimen-
sional motion effects are ignored.

A. IMPROVED ANALYTICAL MODEL FOR
TVDE

In conventional investigations, the TVDE is often assumed
as a rectangular function [2] or a complete triangle function
[24,25], which is not precise in practical engineering. In order
to obtain the accurate excitation formulation induced by
surface defects, the relative location and motion relationship
among groove, rolling element, and defect are detailly ana-
lyzed first by taking the defects on the outer groove for
instance, as shown in Fig. 2. In Fig. 2, Oi is the center of the
inner ring. In this study, the center of the inner ring coincides
with the outer ring.O1

b indicates the center location for rolling
element when the rolling element starts to pass through the
defect entry.O2

b represents the center point of rolling element
after a rotation of θj with respect toOi for the rolling cage. Ri

Fig. 2. The geometric relationship among groove, rolling
element, and defect when the rolling element passes through
the defect.
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and r are the radius of inner ring and rolling element,
respectively. θd indicates the initial location. θe represents
total angle corresponding to the circumstantial distance of the
defect. θe can be calculated as follows:

θe = arcsin

	
L

2Ri



(9)

As shown in Fig. 2, it is easy to figure out the
relationship among β, θe, θd, and θj shown as follows:

β = θe − jmodðθj,2πÞ − θdj (10)

Considering the geometric relationship as shown in
Fig. 2, we can calculate the time-varying displacement
induced by the defect as follows:

δ = ðRi + 2rÞ cosðβÞ − r cosðαÞ − ðRi + rÞ (11)

Since ΔOiAC and ΔO2
bAC have the same side AC and

AC is perpendicular to the sides COi andCO2
b, thus one can

obtain the following relationship:

AC
�!

= ðRi + 2rÞsinðβÞ = rsinðαÞ (12)

Substituting Eq. (12) into Eq. (11) and considering
α ∈ ½0,90°�, δ can be further expressed as the function of β,
ultimately:

δ = f ðcosðβÞÞ = ðRi + 2rÞ cosðβÞ − ðRi + rÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − ðRi + 2rÞ2 + ðRi + 2rÞ2cos2ðβÞ

q (13)

where β ∈ ½0,θe�, and thus we have cosðβÞ ∈ ½cosðθeÞ,1�.
By substituting cosðβÞwith a variable ζ, we can further

simplify Eq. (13) as:

δ = f ðζÞ = ðRi + 2rÞζ − ðRi + rÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − ðRi + 2rÞ2 + ðRi + 2rÞ2ζ2

q
(14)

where ζ = cosðβÞ ∈ ½cosðθeÞ,1�. Furthermore, since the
defect size is much smaller than the bearing size, thus
θe, as well as cosðθeÞ, is infinitesimal. Therefore, the
displacement δ can be expanded near ζ = cosðβÞ = 1

within the interval of ½cosðθeÞ,1� with the Taylor series.
Ignoring the higher-order terms, Eqs. (13)∼ (14) can be
further simplified as:

δ =
ðRi + 2rÞðRi + rÞ

r
ð1 − cosðβÞÞ

= Coeð1 − sinðπ
2
− βÞÞ (15)

where Coe =
ðRi+2rÞðRi+rÞ

r . As seen from Eq. (15), it can be
figured out that the variation of TVDE follows the sinusoi-
dal function, as shown in Fig. 3.

As shown in Fig. 3, it can be noted that the time-varying
displacement functions are symmetrically distributed when
the rolling element enters and exits the defect. When the
rolling element reaches the leading edge, we have
modðθj,2πÞ = θd − θe, and thus β = 0. According to Eq.
(15), we have δ = 0. For the defect with a smaller length, the
rolling element will impact the trailing edge when it reaches
the defect center, that is, modðθj,2πÞ = θd, and thus β = θe.
According to Eq. (15), the TVDE can be estimated as
δ = Coeð1 − sinð0.5π − θeÞÞ that is the maximum of the
time-varying displacement during the period when the rolling
element passes through the defect. After that, as the rolling
element exits the defect, the TVDE amplitude will decrease to
0, as shown in Fig. 3(a). This case can be used to characterize
the TVDEs induced by the defects labeled with Type II or
Type III. For the defect with a larger length, the curve shape
of TVDE is similar to the one shown in Fig. 3(a) when the
rolling element enters and exits the effect. The maximum
excitation amplitude is obtained when modðθj,2πÞ =
θd � ðθe − θdcÞ rather than modðθj,2πÞ = θd, which is dif-
ferent from the case shown in Fig. 3(a). As the rolling element
leaves the leading edge and does not reach the trailing edge,
that is, modðθj,2πÞ ∈ ½θd − ðθe − θdcÞ,θd + ðθe − θdcÞ�, the
excitation amplitude will keep constant at δ = Coeð1−
sinð0.5π − θdcÞÞ, as shown in Fig. 3(b). This case can be
used to characterize the TVDE induced by the defects labeled
with Type IV or Type V.

In order to further explain the contribution and novelty
of this study, the model proposed in Refs. [24,25] is also
shown in Fig. 3 (see the red color-marked curve). Due to the
absence of detailed analysis and in-depth understanding of

Fig. 3. The proposed time-varying displacement excitation model: (a) semi-sine function, (b) piecewise function.
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the contact process between the rolling element and defect,
the defect model in Refs. [24,25] only characterize the
TVDEs through conventionally empirical formulations. In
their model, the TVDE is characterized by the assumed
half-period sine function that can be expressed with Eq. (1).
The variation of TVDE in Refs. [24,25] is shown with the
red color-marked curve in Fig. 3. However, the TVDE of
the proposed model in this paper is rigorously formulated
through mathematical derivation. As shown with the black
color-marked curve in Fig. 3, the proposed TVDE model
can be characterized by an inverted sine function that only
contains a short period rather than the half-period sine
function utilized in Refs. [24,25].

Actually, the formulation of the TVDE can be obtained
by analyzing the motion of the rolling element when it rolls
over the defect, as shown in Fig. 4. For convenience, the
contact deformation of the defect is ignored during themotion
analysis. Thus, the displacement variation of the rolling
element can be described through the motion of the center
of the rolling element, that is, Ob. As seen in Fig. 4, we can
note that the process of the rolling element entering the defect
can be regarded as a circular motion of the point Ob, where
contact point A serves as the center. The contact state change
happens until the rolling element entirely enters the defect.
Therefore, the motion trajectory of the point Ob can be
described with the arc O1

bO
4
b, where contact point A is the

center and r is the radius. Ignoring the position alteration of
the inner ring, the TVDE is equal to the distance between the
rolling element center and the pitch circle in radial direction,

that is, M1O1
b

���!
, M2O2

b

���!
, M3O

3
b

���!
, and M4O4

b

���!
, as shown in Fig. 4.

That is to say, it is unreasonable to quantitatively describe the
TVDEwith Eqs. (1)-(2). However, in this study, the TVDE is
rigorously and mathematically formulated on the basis of
geometrical transformation among rolling elements, groove,
defect, and Tylor series. The expression of the TVDE when
the rolling element enters or exits the defect is then obtained
as Eq. (15) that poses more definitely physical meaning and
more reasonable calculation result.

B. PIECEWISE FUNCTION MODEL FOR
TVDEs

According to the mechanism analysis in section 2, it is
worthy of notation that both the differences of defect size
and rolling element-defect interaction stage may lead to
different kinds of TVDEs during the rolling element pass-
ing through defects. Therefore, it is hard to accurately
characterize all kinds of TVDEs only using a single piece-
wise function like Eq. (1)-(2). As indicated in Refs. [24,25],
it is necessary to accurately characterize the TVDEs for the
defects with different types and sizes using different kinds

of piecewise functions. In this study, an improved ATV-
DEM characterized by multiple piecewise functions is
developed for the rectangular defects with different sizes.
Then, the piecewise function models of TVDE for different
types of defects are derived and formulated, and they are
shown as follows.

1) TYPE I. As for the defect labeled with Type I, all the
defect sizes are less than the rolling element sizes, and thus
it can be considered as point–point contact between the
rolling element and the defect. According to Refs. [24,25],
the TVDE induced by rolling element-defect interaction can
be expressed as:

δd =
�
CI
oe,

���mod
�
θj − 2π

�
− θd

��� ≤ θe
0, otherwise

(16)

where CI
oe is the TVDE amplitude, and it can be calculated

as follows for the defect labeled with Type I:

CI
oe = min

�
Hd,0.5

	
dball −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball − B2

q 

,

× 0.5

	
dball −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball − L2

q 
�
(17)

where L, B, and Hd denote the defect length, width, and
depth, respectively, and dball is the diameter of the rolling
element.

2) TYPE II. As for the Type II-labeled defects, the TVDE
function can be represented as the black-marked curve
shown in Fig. 3(a) according to the mechanism analysis
in section 2, and it can be expressed as follows:

δd =
�
CII
oe½1 − sinðπ2 − θe + jmodðθj − 2πÞ − θdjÞ�, jmodðθj − 2πÞ − θdj ≤ θe

0, otherwise
(18)

where CII
oe is the correction factor of TVDE amplitude. In

this paper, ignoring higher-order terms for the Tylor series
during the formulation of TVDE may introduce estimation
error for TVDE, and thus the TVDE amplitude should be

modified according to the value of δd at modðθj − 2πÞ = θd.
According to the geometrical relationship in Fig. 5, we can
obtain ½δd�realmax = HII

d , where H
II
d = 0.5ðdball −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball − L2

p
Þ.

However, according to Eq. (18), it can be obtained that

Fig. 4. The schematical diagram of the rolling element-defect
contact process.
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δd

�
estimation

max
= δd

	
mod

	
θj − 2π



= θd




= CII
oe

	
1 − cos θe



= HII

d (19)

Further, we can obtain the value of the correction factor
as follows:

CII
oe =

1
1 − cos θe

HII
d (20)

where θe = arcsin
�
L=Do

�
and Do denotes the diameter of

the outer ring.

3) TYPE III. Considering ηd = 1, the defect labeled with
Type III is the intermediate state between the defect labeled
with Type II and the one labeled with Type IV. The TVDE
for these types of defects can be expressed with Eq. (18),
and the corresponding correction factor can be calculated
with Eq. (20).

4) TYPE IV. As for the Type IV-labeled defects, the
TVDE function can be represented as the black-marked
curve shown in Fig. 3(b) according to the mechanism
analysis in section 2, and it can be expressed as follows:

δd =

8>>><
>>>:

CIV
oe ½1 − sinðπ2 − θe + jmodðθj − 2πÞ − θdjÞ�, −θe + θd ≤ modðθj − 2πÞ ≤ θdc1

CIV
oe ð1 − sinðπ2 − θdcÞÞ, θdc1 < modðθj − 2πÞ < θdc2

CIV
oe ½1 − sinðπ2 − θe + jmodðθj − 2πÞ − θdjÞ�, θdc2 ≤ modðθj − 2πÞ ≤ θe + θd

0, otherwise

(21)

where θdc = arcsinðB=DoÞ, θdc1 = θd − θe + θdc, and θdc2 = θd + θe − θdc. Similarly, the amplitude coefficient in Eq. (21)
can be modified according to the geometrical relationship shown in Fig. 6. It can be obtained that

½δd�max = δdðmodðθj − 2πÞ ∈ ½θdc1,θdc2�Þ = CIV
oe ð1 − cos θdcÞ = HIV

d (22)

Thus, we have

CIV
oe =

1
1 − cos θdc

HIV
d (23)

where HIV
d = 0.5

�
dball −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball − B2

p �
.

5) TYPE V. As for the Type V-labeled defects, the TVDE function can be represented as the black-marked curve shown in
Fig. 3(b) according to the mechanism analysis in section 2, and it can be expressed as follows:

δd =

8>>>>><
>>>>>:

CV
oe½1 − sinðπ2 − θe + jmodðθj − 2πÞ − θdjÞ�, −θe + θd ≤ modðθj − 2πÞ ≤ θdc1

CV
oeð1 − sinðπ2 − θdcÞÞ, θdc1 ≤ modðθj − 2πÞ ≤ θdc2

CV
oe½1 − sinðπ2 − θe + jmodðθj − 2πÞ − θdjÞ�, θdc2 ≤ modðθj − 2πÞ ≤ θe + θd

0, otherwise

(24)

where θdc = arccos½ðDo − 2HdÞ=Do�, θdc1 = θd − θe + θdc, and θdc2 = θd + θe − θdc. Different from the Type IV-labeled
defects, the values of θdc1and θdc2 are limited byHd. According to the geometrical relationship shown in Fig. 7, we have the
following relationship: 


δd

�
max

= δd

	
mod

	
θj − 2π



∈


θdc1,θdc2

�

= CV

oe

	
1 − cos θdc



= HV

d (25)

Then, we have

CV
oe =

1
1 − cos θdc

HV
d (26)

where HV
d = Hd.

Fig. 5. The schematical diagram of rolling element-defect
interaction for the Type II-labeled defect.
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C. DYNAMIC MODELING OF ROLLING
ELEMENT BEARINGS WITH DEFECT-
INDUCED TVDE

Based on the 2-DOF vibration model for rolling element
bearings, the vibration model for the rolling element bear-
ings considering the surface defect can be established by
coupling the TVDE model proposed in section 3.2:

8>><
>>:
mẍ+cẋ+

XNball

j

keλjðxcosθj+ysinθj−cd−δdÞne cosθj=wx

mÿ+cẏ+
XNball

j

keλjðxcosθj+ysinθj−cd−δdÞne sinθj=wy

(27)

where m is the equivalent mass of rotor system, c is the
damping coefficient, and ke is the total stiffness coefficient
for the contact between rolling element and inner/outer
grooves. cd is the initial clearance of the rolling element
bearing, and δd denotes the TVDE induced by the surface
defect, which can be calculated according to the analysis in
subsection 3.2. wx and wy denote the directional component
of the external load applied on the inner ring of rolling
element bearings. λj is the Heaviside function that can be
expressed as:

λj =
�
1 x cos θj + y sin θj − cd − δd ≥ 0
0 otherwise

(28)

Combining the proposed TVDE model, the dynamic
differential equation shown as Eq. (27) can be solved by the
Runge–Kutta method, as shown in Fig. 8.

Fig. 6. The schematical diagram of rolling element-defect
interaction for the Type IV-labeled defect.

Fig. 7. The schematical diagram of rolling element-defect
interaction for the Type IV-labeled defect.

Fig. 8. The schematical diagram for the solution of the dynamic equation of rolling element bearings with the surface defect.
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IV. RESULTS AND DISCUSSION

In this section, the proposed ATVDEM is verified by
comparing the vibration responses obtained by the pro-
posed ATVDEM and conventional models. Taking the
deep groove ball bearing # 6308 as an example, the physical
mapping relationship between the defect shape and size and
the vibration responses of the rolling element bearing is
further investigated. The geometrical and physical parame-
ters adopted in the numerical simulations are listed in
Table I. The vibration responses can be obtained with
the Runge-Kutta method-based algorithm shown in
Fig. 8. In order to obtain a convergent solution, the iteration
step is set as 4.8828 × 10−6 s.

A. COMPARISON ANALYSIS AND
VERIFICATION

In this study, we consider the surface defect with a length of
0.2 mm, width of 0.08 mm, and depth of 0.004 mm on the
outer groove to perform the comparative analysis and
verification of different dynamic models for the surface
defect. The vibration responses are obtained under the
rotating speed of 500 rev/min. Figures 9, 10 present
the time-domain waveforms and envelope spectrums of the
vibration accelerations, respectively. Figure 11 captures the
detail of the behavior when the rolling element rolls in and
rolls out of the defect.

The varying compliance (VC) vibration that is similar
to the impulse vibration of defect bearings may be observed
in the vibration responses of the normal bearing from Fig. 9.
This phenomenon is attributed to the VC phenomenon
induced by the periodically time-varying loading region,
which is also observed in Refs. [46,47]. The corresponding
frequency is the so-called VC vibration frequency or the
outer ring passing frequency, which can be calculated as
follows:

f VC =
1
2π

ωcageNball =
1
2π

RinNball

Rin + Rout
ωshaft = 25.6Hz (29)

As seen in the spectrums shown in Fig. 10, the corre-
sponding VC vibration frequency is 25.3 Hz, consistent with
the theoretical result obtained from Eq. (29). Whereas the
errors between the theoretical result and numerical result
come from the limitation of low sampling points.

In order to catch a glimpse of the effect of surface
defects on bearing vibration responses further, the vibration
responses in the rolling element-defect contact region
shown in Fig. 9 is zoomed, as shown in Fig. 11. Comparing
the vibration responses of normal bearing and defect bear-
ings, one may note that the normal bearing only causes VC
vibration (see the dot-dash line), while the defect bearing
brings out VC vibration as well as the impulse vibration
induced by the defect. Moreover, another phenomenon can
be observed from Fig. 10 that the characteristic frequency
for the defect on the outer groove equals the VC vibration
frequency of normal bearings, that is, 25.3 Hz. It can be
noted that the only difference is that the vibration amplitude
is significantly enlarged for the bearings with surface defect,
which is induced by the impact effect between the rolling
element and defect.
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Fig. 9. The waveform of the vibration responses obtained by
different surface-defect models.

Table I. Rolling element bearing parameters

Item Value

Equivalent mass m /kg 0.6

Damping coefficient c /N·s·m−1 400

Number of rolling element z 8

Inner ring diameter Di /mm 49.912

Outer ring diameter Do/mm 80.088

Rolling element diameter d /mm 15.081

Pitch diameter dm /mm 65.000

Inner groove curvature radius ri /mm 7.665

Outer groove curvature radius ro /mm 8.010

Radial clearance Cd /mm 0.008

Contact angle α /° 0.3

Radial force in horizontal direction wx /N 0

Radial force in vertical direction wy /N 20
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Fig. 10. The spectrums of the bearing vibration accelerations
obtained by different surface-defect models.
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Fig. 11. The zoomed view of the vibration responses in the
rolling element-defect contact region.
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In addition, the vibration responses obtained by differ-
ent defect models are also compared in Figs. 9, 10. As for
the rectangular function-based TVDEM (RTVDEM), the
additional TVDE induced by the defect remains constant at
its depth in 0.004 mm when the rolling element passes
through the defect. However, in practical engineering,
according to the mechanism analysis in section 2, the
defect simulated in this case belongs to the Type IV defect.
The maximum TVDE amplitude is limited by HIV

d =
0.5ðd −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 − B2

p
Þ = 0.1061μm, which is much less than

the value of defect depth Hd. Therefore, the vibration
responses obtained by RTVDEM will be significantly
overestimated. In other words, the amplitude is larger
than the real one, as shown in the green dot line in
Figs. 9, 11. Furthermore, the RTVDEM is modified accord-
ing to the mechanism analysis in section 2, where the
displacement excitation is obtained through

δmodified RTVDEM

= min

�
Hd,0.5

	
d −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 − B2

p 

,0.5

	
d −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 − L2

p 
�

(30)

As shown in Fig. 11, the overestimation problem is
well addressed through the modified RTVDEM, and the
model accuracy is improved. For the rectangular function
adopted, the impulse response will be excited when the
rolling element enters the defect. However, as for other
defect models, the sine-like trigonometric function is uti-
lized to characterize the TVDE at the period when the
rolling element enters or exits the defect, which leads to
more smooth vibration response waveforms.

To analyze and verify the ATVEDM proposed in this
study, the vibration responses obtained by ATVDEM and
TVDEM in Refs. [24,25] (called Liu-TVDEM) are also
compared in Figs. 9, 11. It can be noted that the vibration
response obtained by Liu-TVDEM is much more smooth
than the one obtained by the proposed ATVDEM. This
phenomenon can be accounted for through the expression
of TVDEM. According to Refs. [24,25], the complete sine
function is used to characterize the TVDE when the rolling
element enters and exits the defect, which makes it
smoothly pass through the entry to constant displacement
excitation and then from the constant displacement excita-
tion to the exit. However, as for the ATVDEM proposed in
this study, the TVDE when the rolling element enters or
exits is characterized by Eq. (15). It is easy to figure out that
there exists an abrupt change when the rolling element
passes through the time instant at θdc1 or θdc2. The abrupt
change for TVDE will lead to impulse response, that is,
acceleration increment. This phenomenon indicates the
dual-impulse feature that is also observed in Refs. [26,27].

To further verify the improvement and effectiveness of
the proposed ATVDEM, the vibration responses under the
following condition (defect length in 0.2 mm, width in
0.3 mm, and depth in 0.0001 mm) are analyzed and
compared. The comparative results are shown in Fig. 12.
First, analyzing the defect parameters, one may note that the
parameters of the illustrated defect match the Type-V
defect. However, according to the theoretical analysis in
literatures [24,25], the parameters of the illustrated defect
indicate that this defect belongs to Type III. As shown in
Fig. 12, it is found that the proposed ATVDEM can well
characterize the rolling element-defect contact behavior
when the rolling element passes through the surface defect.

However, due to the ignorance of defect depth, the inaccu-
rate characterization of TVDE results in the improper
estimation of bearing vibration responses. Since Liu-
TVDEM [24,25] is developed on the basis of the complete
sine function, it is observed that the bearing acceleration
also follows the sine function, as shown in Fig. 12. The
comparative results indicate that the proposed ATVDEM
can well and more comprehensively characterize the TVDE
induced by surface defects with different parameters than
conventional models do.

B. EFFECTS OF DEFECT SIZE ON
VIBRATION RESPONSES

To further investigate the effects of surface defect size on
the bearing vibration responses, the proposed ATVDEM is
utilized to perform the dynamic simulation, where the
defect condition parameters are listed in Table II. Accord-
ing to Eqs. (5)∼(8), the defect-type index parameters ηbd,
ηd, and ηh are calculated and shown in Table II. And then,
the defect types are determined, and they are Type I, II, III,
IV, IV, and V, as shown in Table II. The vibration
responses are obtained by solving the dynamic equation.
The time-domain waveforms and the corresponding spec-
trums are shown in Figs. 13 and 14, respectively. Figure 15
further presents the zoomed view of the vibration re-
sponses at the rolling element-defect contact region. It
can be noted from Figs. 13 and 14 that the impulse
response component in the vibration acceleration re-
sponses increases with the increasing defect length. More-
over, by comparing the frequency spectrums of the
acceleration responses obtained under different defect
conditions, it can be observed that the amplitude of the
fault characteristic frequency component also increases
with the increase of defect length. The mechanism for the
effect of defect size on the vibration responses will be
detailedly analyzed further as follows.

As for the defect condition 1 (Type I), the defect sizes
are very small, and thus the amplitudes of the impulse
responses are very weak, as shown in Figs. 13 and 14. With
the increase of defect length, when L= 0.08 mm, that is,
defect condition 2, the defect type turns into Type II.
Meanwhile, a more obvious impulse response is present
in the vibration responses, as shown in Figs. 13 and 15.
However, the fault feature remains relatively weak. As
shown in Fig. 14, the amplitude of the fault feature compo-
nent for defect condition 2 and the one for defect condition
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Fig. 12. The comparison of bearing vibration responses obtained
under the condition with defect length in 0.2 mm, width in 0.3 mm,
and depth in 0.0001 mm.
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1 are at the same level. As the defect length gets more
significant to 0.2 mm (defect condition 3), it propagates to
the Type III defect. The impulse response amplitude will be
apparently increased (see Figs. 13, 15). Comparing the
vibration responses obtained under defect conditions 2
and 3, it is easy to be found that, besides the impulse
response amplitude, the period during the rolling element
passing through the defect is also significantly increased. As
the defect length increases continuously, the defect type
will turn into Type IV (defect conditions 4 and 5), and the
period for rolling element-defect contact is further
increased. Moreover, as for these conditions, smooth vibra-
tion responses exist between the impulse cased by ther entry
and exit of the rolling element. This phenomenon can be
attributed to the fact that a constant additional displacement
excitation presents when the rolling element leaves the
leading edge but not reaches the trailing edge, as shown
in Fig. 3.

In order to explore the effect of the Type-V defect on
the bearing vibration response, it is simulated by reducing
the defect depth from 0.004 mm to 0.0006 mm based on

defect condition 5, and the new defect condition is num-
bered 6. We have

min
n
Hd,0.5

�
d −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 − L2

p �
,0.5

�
d −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 − B2

p �o
= Hd (31)

According to Eq. (8), it is determined that defect
condition 6 belongs to the Type-V defect. According to
the mechanism analysis in section 2, we have θ6dc < θ5dc,
where the superscript indicates the defection condition
number. In other words, the period when the rolling element
entirely enters the defect, that is, the period from θdc1 to θdc2
becomes larger for defect condition 6. This phenomenon
can be observed in Fig. 15. Moreover, it is worth noting
from Fig. 14 that the frequency amplitude obtained under
defect condition 6 is smaller than that obtained under defect
condition 5. This is caused by the reduction of maximum
displacement excitation for defect condition 6 (Hd) com-
pared with defect condition 5 (0.5ðdball −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ball − L2

p
Þ).

V. RESULTS AND DISCUSSION
This study further addresses the time-varying excitation
mechanism of rolling element bearings with surface defects.
With the theoretical analysis and numerical investigation,
the following conclusions can be summarized:

(I) By addressing the physical mechanism of inner exci-
tation for rolling bearings’ surface defect, the TVDE
types are fully considered and theoretically revealed.
A more general defect-type criteria for rectangular-
shaped surface defect is proposed.

(II) With the defect-type criteria, an improved analytical
model for TVDE induced by surface defects is devel-
oped, where the TVDE is expressed with the multi-
piecewise function.

Table II. Defect condition parameters

Condition number L/mm B/mm H/mm ηbd ηd ηh Defect type

1 0.04 0.2 0.004 377.025 0.20 6.0321 I

2 0.08 0.2 0.004 188.513 0.40 6.0321 II

3 0.20 0.2 0.004 75.4050 1.00 6.0321 III

4 0.32 0.2 0.004 75.4050 1.60 2.3561 IV

5 0.45 0.2 0.004 75.4050 2.25 1.1913 IV

6 0.45 0.2 0.0006 75.4050 2.25 0.1787 V
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Fig. 13. The waveform of the vibration responses obtained under
different defect conditions
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Fig. 15. The zoomed view of the vibration responses at ball-
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(III) By comparing the vibration responses obtained by
different defect models, the validity of the proposed
ATVDEM is verified. Some typical fault features,
including the passing frequency component and dual
impulse, are observed by numerical simulation.

(IV) By exploring the effects of defect size, the propaga-
tion law of fault features are revealed. It is found that
both the passing frequency amplitude and the rolling
element-defect contact period increase with the defect
length.

One should note that this study only promotes a small
step in improving the TVDE modeling but fails to consider
other important factors, such as time-varying stiffness
excitation and impact force induced by defects, three-
dimensional motion, lubrication, and bearing-rotor cou-
pling, which could be the future direction.
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